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Abstract

We introduce a new scalar—tensor framework in which a non-local,
kernel-smeared kinetic term drives both cosmic acceleration and the MOND-
like phenomenology observed in galaxies. The theory is defined by a single
shift-symmetric scalar field with a purely derivative action, supplemented
by a covariant smoothing kernel of fixed physical width. This structure
leads to three central results.

First, the theory reduces exactly to general relativity at linear or-
der around FRW backgrounds: the smoothed invariant satisfies 6X =
0, implying that the scalar contributes no linear stress—energy. Conse-
quently, all linear cosmological observables—CMB anisotropies, BAO, lin-
ear growth, and gravitational waves—are indistinguishable from those of
ACDM.

Second, the non-linear regime is modified. The scalar equation re-
duces to an elliptic constraint that yields a MOND-like force law with
a radiatively stable acceleration scale ag = A2 /fcon. This reproduces
flat rotation curves, the baryonic Tully—Fisher relation, and the radial
acceleration relation without invoking particle dark matter.

Third, the scalar sector naturally generates a late-time dark-energy
density py = X§/A30h7 while the early-time stiff component decays ex-
tremely rapidly as ¢~ '? and is negligible by nucleosynthesis. The theory
is causal, free of Ostrogradsky instabilities, radiatively stable, and consis-
tent with Solar System and gravitational-wave constraints.

Cosmology, galaxies, and clusters jointly constrain the parameter space
to a narrow region, making the framework predictive and testable with
upcoming surveys. The coherence framework thus provides an observa-
tionally consistent alternative to ACDM that preserves general relativity
at linear scales while modifying gravity in the non-linear regime.

1 Introduction

The standard cosmological model, ACDM, provides an excellent description of
the Universe on large scales. It successfully accounts for the cosmic microwave
background (CMB), baryon acoustic oscillations (BAO), large-scale structure,



and the late-time accelerated expansion. Despite these successes, the model
relies on two components—cold dark matter and dark energy—that have not
been directly detected and whose microscopic nature remains unknown.

On galactic scales, the situation becomes more striking. Observations of
rotation curves, the baryonic Tully—Fisher relation, and the radial acceleration
relation reveal a tight coupling between baryonic mass and gravitational acceler-
ation that is difficult to reconcile with collisionless dark matter. Modified New-
tonian Dynamics (MOND) captures these empirical regularities with remarkable
precision, but its relativistic extensions have typically required additional fields,
non-standard matter couplings, or departures from general relativity (GR) at
linear order.

In this work we introduce a new scalar—tensor framework that unifies cos-
mic acceleration and galactic dynamics within a single, shift-symmetric scalar
field. The key ingredient is a non-local, kernel-smeared kinetic invariant X that
averages the local kinetic term X over a fixed physical length scale. The result-
ing action is purely derivative, free of potentials, and preserves diffeomorphism
invariance. This structure leads to several distinctive properties:

e The theory reduces exactly to GR at linear order around FRW back-
grounds. The smoothed invariant satisfies §X = 0, implying that the
scalar contributes no linear stress—energy. All linear cosmological observ-
ables therefore match those of ACDM.

e In the non-linear regime, the scalar equation becomes an elliptic constraint
that yields a MOND-like force law with a radiatively stable acceleration
scale ag = A<2:oh /fcon. This reproduces flat rotation curves, the baryonic
Tully—Fisher relation, and the radial acceleration relation without invoking
particle dark matter.

e The scalar sector naturally generates a late-time dark-energy density pg =
xz/ Aﬁoh, while the early-time stiff component decays extremely rapidly

as a~'? and is negligible by the epoch of nucleosynthesis.

e The theory is free of Ostrogradsky instabilities, causal, radiatively stable,
and consistent with Solar System and gravitational-wave constraints.

These features place the coherence framework in a unique position: it pre-
serves the empirical successes of ACDM on large scales while modifying gravity
in the non-linear regime in a way that naturally reproduces galactic phenomenol-
ogy. The theory does not fit within existing scalar—tensor classifications, includ-
ing Horndeski, beyond-Horndeski, DHOST, and the Effective Field Theory of
Dark Energy, due to its soft non-local kernel structure.

The aim of this work is to develop the coherence framework in full detail, de-
rive its cosmological and astrophysical predictions, analyze its theoretical consis-
tency, and confront it with observational constraints. We show that the resulting
parameter space is narrow, predictive, and testable with upcoming surveys.

This framework is exploratory and intended as a theoretical construct in the
public-domain open to modification, falsification, or extension by others.



2 Action and variational principle

In this section we define the action of the theory, specify the role of the horizon
domain, and derive the equations of motion for the scalar field and the metric.
All steps are shown explicitly to ensure a well-posed variational principle.

2.1 Definition of the action

We work with a metric g, of signature (—,+,+,+) and a real scalar field ¢.

The kinetic invariant is )

= 59“”8ﬂ¢8u¢. (1)

A covariantly smoothed version of X is defined by

X(z) = / d*y /—g(9) Koo (2, 9) X (9), 2)

where Ky, (z,y) is a kernel depending on the metric and the geodesic distance
between x and y, and /.., is a fixed coherence length. The kernel satisfies the
normalization condition

/ dty\/—g) Ko (2,y) = 1. (3)

We introduce a reference value X and a mass scale A¢on. The local coherence
Lagrangian density is -
(X(z) — Xo)*
A4 ’

coh

Lecon (CE) = (4)

The horizon-limited global functional is defined as
0= [ /=) (K@) - X )
t

where H(t) is a finite four-dimensional region associated with a causal horizon
at time ?.
The full action is

M3 A
Slovo) = "3 [ato V=g R+ [ty Lo+ S I0P + Sulo W), (6)

where Sy, is the matter action, minimally coupled to g, .

2.2 Horizon domain and fixed-domain variation

The horizon domain H(t) is treated as an external structure in the variation.
We impose the fixed-domain prescription

S,.6H(t) =0, (7)



so that variations of I(t) arise only from variations of the integrand.

Because H(t) is finite, integrations by parts generate boundary terms on
OH (t). To ensure a well-posed variational principle, we restrict variations of ¢
by imposing either Dirichlet conditions

6¢‘3H(t) =0, (8)

or Neumann-type conditions that set the normal flux of the relevant current to
zero. With these boundary conditions, all boundary terms vanish.

2.3 Variation of the local coherence term
The local coherence action is
X X
soi= [ate v
coh

Varying with respect to ¢ at fixed metric gives

2(X — X -
5¢s({g§=/d4x,ﬁg (A4 0) 5,X. (10)

coh

Using eq:Xbar-def,

5,% (2 / d'y /—a(9) Ko, (2,9) 65X (4), ()

and
3 X (y) = 9" () 0ud(y) 0,69(y). (12)
Substituting eq:deltaXbar—eq:deltaX into eq:deltaS- loc 1 and exchanging the
order of integration yields 655°¢ = [d*y\/—g(y) ¢" (v y) 0,00(y) F(y),
where %)
Fly '/~ Tho Koo (2, y). (13)

Integrating by parts and using eq:Dirichlet,

5855, =~ [ 'y /=g ) 9°6(y)] 66 (y). (14)
Thus the local coherence term contributes
V,[F(x) 0"¢(x)] =0 (15)

to the scalar equation of motion.



2.4 Variation of the global term
The global term is

St = 5 1(t)? (16)
Its variation is
0SB0 — NI () 04I(t). (17)
Using eq:fixed-domain,
IpI(t) = d*x \/—g(x) 54X (z). (18)
H(t)

Substituting eq:deltaXbar—eq:deltaX and exchanging the order of integration

gives
51(t) = [ 'y v/=g5) 9" () u010) 0,56(0) Ky, (19)
where
Klit) = [ d'av/=g(e) K o.0). (20)
H(t)
Integrating by parts,
Sa1(t) = = [ d'y V=g(0) V. K(st) 0°6(0)] 56(0). (21)

Substituting into eq:deltaS-glob-1,

SoSEe = I (0) [ 'y /=g VK 0] Soly). (22
Thus the global term contributes
M (t) V, [K(z;t) 0¥ ¢(x)] = 0. (23)

2.5 Full scalar equation of motion

Combining eq:phi-EOM-local and eq:phi-EOM-global, the scalar equation of
motion is

Vo AF(x)0"p(x) + M (t) K(x;t) 0" p(x)} = 0. (24)

2.6 Metric variation

Variation of the action with respect to g, yields

M3\ Gy = T + TEhHo0 4 Tghaled, (25)
where the stress—energy tensors are defined by
lob
Tcoh loc _ _ 2 55%?)% coh,glob _ 2 6choc})1 (26)
nv \/7 5guy Y nv r 59‘“’ N

Their explicit forms involve variations of \/—¢, X, X, and the kernel. No
assumptions beyond covariance and the fixed-domain prescription are required
for the derivation.



3 Coherence kernel and pixel smoothing

In this section we define the covariant smoothing kernel, derive its basic proper-
ties, compute the derivative expansion of the smoothed invariant X, and obtain
the exact variation 6X needed for the field equations. All steps are shown
explicitly.

3.1 Definition of the kernel
The smoothed invariant X (z) is defined by

X(z) = / d*y /=g(9) Koo (2, 9) X (9), (27)

where Ky, (r,y) is a bi-scalar kernel depending on the metric and a fixed
coherence length /... The kernel satisfies:

(i) Covariance. Ky, (z,y) is a scalar under coordinate transformations at
both arguments. This ensures that X transforms as a scalar.

(ii) Normalization.
/ d*y /=g(y) Kepn (2,y) = 1. (28)

(iii) Locality at finite scale. K,_, (x,y) decays rapidly when the geodesic
distance d(z,y) satisfies d(z,y) > lcon. Thus the effective support of the kernel
is a geodesic ball of radius ~ £.o around z.

(iv) Symmetry. We assume

K‘ecoh (:r,y) = choh (y,x), (29)

which simplifies the variation of X.
A convenient explicit choice, used only for illustration in derivative expan-
sions, is the Gaussian kernel

1 d*(z,y)
Ky (z,y) = WGXP {— 202 ] ) (30)

where d(z,y) is the geodesic distance. No results in this section depend on this
specific form.



3.2 Properties of the kernel

The normalization eq:kernel-norm-3 implies that X reduces to X in the limit
Ecoh — 0:

4
lim Ky, (z,y) = 76( o — y).
Leon =0 —9(y)

The symmetry eq:kernel-sym ensures that integrations by parts in the vari-
ation of X do not generate asymmetric terms.

The rapid decay of Ky, for d(z,y) > lcon ensures that X(z) depends
only on the values of X (y) in a finite neighborhood of z. This implements the
“coherence pixel” interpretation: the theory cannot resolve structure below the
scale feop.

(31)

3.3 Derivative expansion of X

In the weak-field limit around Minkowski space, where curvature effects are
small on scales £con, we may expand X (y) around x:

X(y) = X(z) + (y — )"0, X () + %(y — )"y — )" 0,0, X (x) +---. (32)

Substituting eq:Taylor-X into eq:Xbar-def-3 and using the moments of the
kernel, [d'y\/—g(y) Kewh (z,y) =1,
Jd'y/—9(y) Ko, (2,9) (y — 2) =0,
[d*y/—g(y) Ke,,.(z,y) (y — 2)"(y — x)” = €2, g""(x), we obtain

X(2) = X(2) + Ecohg V() 0,0, X () + O(Legp)- (33)
In curved space, the second derivative generalizes to the covariant Laplacian:
X(I) = X( ) + gcoh ( ) + 0(€coh) (34)
where = g"*V,V,.
This expansion is used only in weak-field approximations; the exact definition
eq:Xbar-def-3 is used in all variational calculations.

3.4 Exact variation of X

The variation of X with respect to ¢ at fixed metric is

65X ( /#yV 0 K (2,9) 65X (). (35)

Using
66X (y) = 9" (y) 0,9 (y) 0,66(y), (36)

we obtain

5o X (@) = [ 'y v/ =g0) Kroo 0.0) 9 (0) 0u60) D06(0). (37



Integrating by parts in y and using the boundary conditions on d¢ at OH (),
05X (@) = = [ d*y /=g(y) Vi [Ke.p (. 9) 9" () 9 b(y)] 66(y), where V1" de-

notes the covariant derivative with respect to y.
Equation eq:deltaXbar-5 is the exact expression used in the variation of both
the local and global coherence terms.

3.5 Summary

The coherence kernel introduces a finite resolution scale £}, into the theory. The
smoothed invariant X is a covariant average of X over a geodesic neighborhood
of radius ~ f.op. Its variation produces a smoothed differential operator acting
on ¢, which enters the scalar equation of motion. The derivative expansion
eq:Xbar-curved is valid only in weak-field approximations; all variational results
use the exact expression eq:deltaXbar-5.

4 Homogeneous FRW background

In this section we derive the background dynamics of the theory on a spa-
tially flat Friedmann—Robertson-Walker (FRW) spacetime. We compute the
scalar invariant X, the smoothed invariant X, the scalar equation of motion,
the stress—energy tensor, and the resulting Friedmann equations. We then show
that the scalar equation admits an exact kinetic solution X o =% and derive
the corresponding energy density and pressure.

4.1 FRW ansatz
We consider the spatially flat FRW metric
ds* = —dt* + a(t)* dx?, (38)
and a homogeneous scalar field
¢ = ¢(1). (39)
The kinetic invariant eq:X-def becomes
X(t) = 390%2 = %452, (40)

Because X is spatially constant on each constant-time slice, the smoothed
invariant eq:Xbar-def-3 reduces exactly to

X(t) = X(1), (41)

since the kernel satisfies the normalization condition eq:kernel-norm-3.



4.2 Scalar equation of motion

The full scalar equation of motion derived in eq:phi-EOM-full is
Vo [F(x)0"¢(x) + M (t) K(x;t) 0¥¢(x)] = 0. (42)

On a homogeneous background:

ai¢ = Oa
b 80¢ = _év
F(t) and K(t) depend only on ¢,

K(t) reduces to unity because the kernel integrates to 1 over H(¢t) for
homogeneous fields.

Thus eq:phi-EOM-full-4 becomes

0 (F () + AL d(0)] =0, (43)

Using X = X and eq:F-def, we have

2(X(t) — Xo)
Al '

coh

F(t) = (44)

The global term contributes AI(t), but on a homogeneous background
I(t) = Vu () (X(t) = Xo), (45)

where Vg (t) is the four-volume of H(t) at time ¢. Since Vg (t) is an external
structure and does not depend on ¢, it acts as a constant prefactor in the scalar
equation.

Thus eq:phi-EOM-FRW-1 becomes

aig% [y é0)] = 0, (46)
where (X (1) — X
ety = 2D v 1) (x(0) — 0 (a7)
Since X = %¢32, we have
X(t) - Xo = %G}Q — X,. (48)



4.3 Kinetic branch: exact solution X o a ¢

Equation eq:phi-EOM-FRW-2 integrates to
a®C(t) d(t) = Cn, (49)

where C1 is an integration constant.
We now consider the kinetic branch, defined by

X(t) > Xo, (50)

which is valid at sufficiently early times or whenever ¢2? dominates over Xj.
In this regime,

2X(t)
A4

coh

C(t) ~

[14+O\VE(t)ALL)] . (51)

Substituting X = %(]52 into eq:first-integral,
o X (1) d(t) = Cs, (52)

where C absorbs constant prefactors.
Using X = 147,

a® §* = C. (53)
Thus )
d(t) = Cy/ a(t) " (54)
Substituting into X = %QB%
1
X(t) = 505" a(t) ™. (55)

However, this is not yet the final result: we must use the exact relation
eq:first-integral-2, not the approximate one. Using eq:first-integral-2 directly:

aSXé = CQ, (56)
and substituting gb =v2X,
a®X3? = Cy. (57)
Solving for X,
02
Xt)= ———=
)= 5oy (59)

where C' is a constant with dimensions of mass squared.
This is an exact solution of the kinetic branch of the scalar equation of
motion.

10



4.4 Energy density and pressure

The local coherence Lagrangian is

(X — Xo)?
Leoh = ——F——. (59)
AZCth
The stress—energy tensor is
2 0Sc
Tk = = —<b (60)

g g

On a homogeneous background, the energy density and pressure are pg =
(X—Xo)?
(X=Xo)”

coh ’ 5
_ (X—Xo)
Py = 373 L

Thus the equation of state is

wy =— =1, (61)
¢ Pe
whenever X # Xj.
Using the solution eq:X-a-minus6,
1 (2 ?
=—|—-X . 62
pol®) Adon <2a6 O) (62)
At early times (a < 1),
ct i
pola) ~ ——a %, (63)
4:Aéoh
corresponding to a stiff component.
At late times (a > 1),
X3
coh

corresponding to an effective cosmological constant.

4.5 Friedmann equations

The Einstein equations eq:Einstein-full give 3M3,H? = p,,, + p, + P
= 2M{H = pm + 3pr + po + Do-

Using eq:rho-phi-eq:p-phi, the scalar sector contributes equally to pg and
Pg-

11



4.6 Summary
On a homogeneous FRW background:
e The smoothed invariant satisfies X = X exactly.
6

e The scalar equation of motion admits an exact kinetic solution X o a™°.

The scalar energy density scales as p, oc a”12 at early times and ap-
proaches a constant at late times.

e The scalar behaves as a stiff fluid (w = 1) except in the limit X — Xy,
where it behaves as dark energy.

5 Linear perturbations

In this section we study scalar perturbations around the homogeneous FRW
background derived in Section 4. We show explicitly that the scalar sector does
not contribute to the stress—energy tensor at first order in perturbations, and
therefore the linearised Einstein equations reduce exactly to those of General
Relativity (GR). This ensures that all linear cosmological observables (CMB
anisotropies, BAO, linear weak lensing, and linear RSD) are identical to those
of GR for a given background expansion.

5.1 Perturbation ansatz
We work in Newtonian gauge, where the perturbed FRW metric is
ds* = —(1+2®) dt* + a(t)*(1 — 2V) dx?, (65)
and the scalar field is perturbed as
o(t,x) = ¢o(t) + 00(t,%), (66)

where ¢g(t) is the homogeneous background solution.
The background kinetic invariant is

Xo(t) = 363 (67)
To first order in perturbations, the variation of X is
60X = g" 0,0 0,09 + 69" 060 D o (68)
Using 0;¢9 = 0 and 9y = éo, we obtain

§X = o 66 — 4 P. (69)

12



5.2 Smoothed invariant at first order

The smoothed invariant is defined by

X(a) = [ 'y /=9 K o.0) X0 (70)

Because the kernel is linear in X, its first-order variation is

5X(@) = [ 'Y/ =90) K (0.9) 5X0). (71)
Since 6 X is already first order, and the kernel is normalized,
X =0X + O(f2,V?6X), (72)

where the derivative corrections are suppressed by 530}1 and do not affect the
leading-order structure of the perturbation equations.
Thus, to linear order,
60X =46X. (73)

5.3 Expansion of the local coherence Lagrangian

The local coherence Lagrangian is

(X - Xo)*
Lcoh = 1 - (74)
A?:oh
Expanding to first order in perturbations,
X — Xo=(Xo— Xo)+6X. (75)
But on the background, -
Xo = Xo, (76)
because X = X exactly for homogeneous fields.
Thus ~ ~
X — Xy =6X. (77)
Therefore, - -
(X — Xo)2 = (0X)2 = O(3?). (78)

This is the key structural result:

The local coherence Lagrangian has no linear term in perturbations.

13



5.4 Expansion of the global term
The global functional is

I(t) :/ d*z/—g (X — Xo). (79)
H(t)
Using eq:Xbar-minus-X0,
I(t) = / d*z\/—giX. (80)
H(t)

Thus I(t) is first order in perturbations:

Sen = 5107, (82)
which is therefore
St = 0(8%). (83)

Thus:
The global coherence term also has no linear contribution.
5.5 Scalar stress—energy tensor at first order

The scalar stress—energy tensor is

2 5Scoh

(@) — _ . 84
" V=g g i
Since Scon = 5S¢ + ch(l)?lb and both are O(§?), their variations with respect
to g, are also O(6?).
Therefore,
(@) —
0T, = 0. (85)
This is an exact statement at linear order.
5.6 Linearised Einstein equations
The Einstein equations are
MGy =T + T2, (86)
Perturbing to first order and using eq:deltaT=0,
M3, 6G,,, = 0Ty, (87)

14



Thus the linearised Einstein equations are identical to those of GR.
In particular, in the absence of matter anisotropic stress,

o= (88)
The Poisson equation is
V2® = 41Ga*Sp,. (89)
5.7 Consequences for linear cosmology
Because the scalar sector does not contribute at linear order:

e The CMB anisotropies are unchanged.
e The BAO scale is unchanged.

e Linear weak lensing is unchanged.

Linear redshift-space distortions are unchanged.

The slip parameter satisfies n = ®/¥ = 1.

The growth equation is the GR equation

6+ 2H6 — 4xGpy 6 = 0. (90)

All modifications to structure formation arise solely through the modified
background expansion H(t) derived in Section 4.

5.8 Summary

e The local and global coherence terms begin at second order in perturba-
tions.

e Therefore 67, l(j,)) =0 at first order.
e The linearised Einstein equations reduce exactly to those of GR.

e All linear cosmological observables are identical to GR for a given back-
ground expansion.

6 Weak-field, static, non-linear regime

In this section we derive the non-relativistic, static, weak-field limit of the theory.
Starting from the full scalar equation of motion and the Einstein equations, we
show how the structure of the coherence functional leads to a modified Poisson
equation of MOND type. All steps are explicit and no assumptions are made
beyond those stated.

15



6.1 Static weak-field ansatz

We consider a static, non-relativistic configuration sourced by a localized bary-
onic density py(x). The metric is written as

ds® = —(1+2®(x)) dt* + (1 — 2¥(x)) 6;; dz'da?, (91)

with |®[, |¥| < 1 and no time dependence.
The scalar field is assumed static:

¢ = ¢(x), o9 = 0. (92)
The kinetic invariant becomes

1 .. 1 1
X(x) = 5970:6 96 = (1 +20)|Vo[* = Vo[, (93)

where the last equality holds to leading order in the weak-field expansion.
The smoothed invariant is

X0 = [y K () X, (049

where we have used the fact that the configuration is static and the kernel is
normalized on spatial slices.

6.2 Scalar equation of motion in the static limit

The full scalar equation of motion eq:phi-EOM-full reduces to
Vil F(x) 0;0(x) + A (t) K(x;t) 0;0(x)] = 0. (95)
In static, localized configurations the global term is negligible:
M () K(x;t) < F(x), (96)

because I(t) is a horizon-scale integral of (X — Xj), which vanishes for static,
asymptotically flat configurations where X — X at large distances. Thus we
retain only the local term:

VilF(x) 0ip(x)] = 0. (97)

Using eq:F-def and the static form of the kernel,

oo = [y 2= gy, (98)

coh
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6.3 Derivative expansion of X in the static limit

Using the weak-field derivative expansion eq:Xbar-curved,

X(X) = X(X) + g?oh V2X(X) + O(ei:loh)' (99>
Thus
X(x) — Xo = X(x) — Xo + 2, V2X(x) + O(£2,1.)- (100)

Substituting into eq:F-static and using the normalization of the kernel,

2
=1

coh

F(x)

coh coh

[X(x) — Xo + 020, VEX(x)] + O(Logy)- (101)

6.4 Scalar equation in divergence form
Substituting eq:F-static-expanded into eq:phi-EOM-static-2, we obtain
Vil [X — Xo + £, V2 X] 950} =0, (102)

where all quantities are evaluated at x and we have absorbed the constant
prefactor 2/A%

coh”

Using X = £|V¢|?, we have
VX =V? <;|v¢>2> = 0:(0;¢ 0;0;0). (103)

Thus eq:phi-EOM-static-3 is a fourth-order non-linear elliptic equation for
0.

6.5 Spherical symmetry and alignment

For a spherically symmetric configuration,

¢ = ¢(T)7 b = (I)(T)v (104)
and all vectors are radial. Therefore

Vo(r)=¢'(r)t, Vo(r) = ' (r)r. (105)

/
r
V¢ =T(r)Vo, I(r)= i’((r)) (106)
The kinetic invariant becomes
X(r) = 500 [VOP. (107)

17



6.6 First integral of the scalar equation

In spherical symmetry, eq:phi-EOM-static-3 becomes

1d
e [r*J(r)] =0, (108)
where
J(r)=[X — Xo+ 2, V°X] ¢/ (r). (109)
Integrating eq:scalar-spherical,
r2 J(r) = Oy, (110)

where Cy is an integration constant fixed by boundary conditions.
For isolated sources, regularity at 7 = 0 and ¢’ — 0 as 7 — co imply

Cy = 0. (111)
Thus
J(r) =0, (112)
i.e.
(X — Xo+02,,V?X] ¢'(r) = 0. (113)
The non-trivial branch is
X — Xo + 2, V2X =0. (114)

Using eq:X-Gamma, this becomes a non-linear differential equation for I'(r)
and ®’(r).

6.7 Modified Poisson equation

The 00-component of the Einstein equations in the weak-field limit gives

V20 — 47 G (py + py) (115)
where (X Xo)?
coh

Using eq:X-Gamma, p, becomes a function of |[V®| and I'(r).

The scalar equation eq:scalar-branch determines I'(r) as a functional of |V®|.
Eliminating T'(r) between eq:scalar-branch and eq:rho-phi-static, we obtain a
modified Poisson equation of the form

V'{“('Zf') vﬂ — 4rG (117)

where the interpolation function p is determined by the solution of eq:scalar-
branch and the coherence kernel.

18



6.8 Acceleration scale

Dimensional analysis of eq:scalar-branch shows that the transition between the
Newtonian and MOND-like regimes occurs when

X ~ Xg = VO|2 ~ . (118)

Using the background relation

Xo ~ A2 (119)

coh>

and the derivative expansion scale {5, the characteristic acceleration is
2

A
ag ~ —<oh (120)
gcoh

This matches the empirical MOND scale ag ~ ¢Hy when Acon ~ VMp1Hg

-1
and feon ~ Ay

6.9 Summary

e The static scalar equation reduces to a divergence equation whose non-
trivial branch is X — X + ¢%, V?X = 0.

e In spherical symmetry, this yields a first integral that forces the non-trivial
branch.

e Eliminating the scalar field leads to a modified Poisson equation of MOND
type.

e The characteristic acceleration scale is ag ~ A2, /lcon-

7 Growth of structure

In this section we derive the linear growth equation for matter density per-
turbations in the presence of the scalar coherence sector. Using the results of
Section 5, we show that the growth equation is identical to that of GR for a given
background expansion H(a), and that all modifications to structure formation
arise solely through the altered expansion history induced by pg(a).

7.1 Matter perturbations and continuity equations

We consider non-relativistic matter (cold dark matter or baryons) with back-
ground density p,,(t) and density contrast

5(t,x) = L\t X) — Pmlt) (121)
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In Newtonian gauge, the linearised continuity and Euler equations for pres-
sureless matter are & + éV v — 30 = 0,
v+ Hv+ iV@ = 0, where v is the peculiar velocity.

Taking the divergence of eq:Euler and using eq:continuity, we obtain

i, R .
8+ 206 - =V <I>f3(\11+2H\II>. (122)

7.2 Linearised Einstein equations and Poisson equation

From Section 5, the linearised Einstein equations are identical to those of GR:

M3, 686G, = 6T}, (123)
and in the absence of matter anisotropic stress,
o =0, (124)

The 00-component of the linearised Einstein equations yields the Poisson
equation
V20 = 47Ga’py, 6. (125)
The traceless ij-component implies ® = ¥, and the time-time and time-
space components imply that U and ¥ terms are negligible on sub-horizon
scales compared to the spatial Laplacian term.
Thus, on sub-horizon scales,

3 (qf + 2H\i!) < a%v%a (126)
and eq:delta-eq-general reduces to
6+ 2H — a%vz’@ =0. (127)
Using eq:Poisson-7, we obtain
6+ 2HS — 4nGpy 6 = 0. (128)
This is exactly the GR growth equation.

7.3 Background expansion and effective growth

The background Friedmann equation including the scalar sector is

3MEH?(a) = pm(a) + pr(a) + pg(a), (129)
with )
1 C?
pgla) = A <2a6 - Xo) ; (130)

as derived in Section 4.
Thus the only modification to the growth equation eq:delta-eq-final relative
to GR with a cosmological constant is the replacement

L (om(@) + (@) + ps(a)]. (131)

2 2 _
H20) — Hip() = 530
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7.4 Growth factor and foy
Defining the linear growth factor D(a) by

6(a, k) = D(a) (aini, k), (132)
the growth equation eq:delta-eq-final becomes

D" (a) + B + 1;1{’((5))] D' (a) — ;Qﬂ;ga)

D(a) =0, (133)

where primes denote derivatives with respect to a and

Pm(a)
Qnla) = —= . 134
(a) 30MZ,H2(a) (134)

The growth rate is

dlnD

fla) = g’ (135)
and the observable combination is

fos(z) = f(a)os(a), (136)

with og(a) < D(a).

Because H (a) is modified by the presence of py(a), the solution D(a) of eq:D-
eq differs from that in ACDM. For parameter choices where py(a) contributes
non-negligibly at intermediate redshifts (z ~ 0.5), the increased H(a) suppresses
the growth, leading to a reduced fog relative to ACDM with the same §,,.

7.5 Summary

e The linearised Einstein equations are identical to GR, and the scalar sector
does not contribute at first order.

e The linear growth equation for matter perturbations is 6+2H6 —4AnGpy, § =
0, exactly as in GR.

e All modifications to structure formation arise solely through the modified
background expansion H(a) induced by pg(a).

e The framework can therefore suppress fog relative to ACDM without
altering the form of the linear growth equation.

8 Gravitational lensing

In this section we analyze gravitational lensing in the coherence framework. We
show that linear lensing is exactly identical to that of GR because the scalar
sector does not contribute to the stress—energy tensor at first order. We then
discuss the structure of mon-linear lensing and identify precisely which terms
may contribute beyond linear order. No assumptions are made beyond those
stated in Sections 2-7.
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8.1 Lensing potentials in Newtonian gauge

In Newtonian gauge, the perturbed metric is
ds* = —(1+2®) dt* + a(t)*(1 — 2¥) dx?. (137)
The lensing potential is defined as
Dlens =P+ 0. (138)
In GR, and in any theory with vanishing anisotropic stress at linear order,
o=V, (139)

so that
Drops = 20. (140)

The deflection angle for a light ray with unperturbed trajectory x(z) is
az?/VL(Ddz, (141)
where V| denotes the gradient transverse to the line of sight.

8.2 Linear lensing: exact equivalence with GR

From Section 5, the scalar sector contributes no first-order stress—energy:
ST = 0. (142)
Thus the linearised Einstein equations reduce to those of GR:
M3, 6G,,, = 6T}, (143)
In particular, the traceless 7j-component yields
o=V, (144)
and the Poisson equation is
V20 = 4nGa*Spy,. (145)
Therefore the lensing potential is
Dlens = 20, (146)

exactly as in GR.
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Consequences.

e CMB lensing is unchanged.
e Linear cosmic shear is unchanged.

Galaxy—galaxy lensing on linear scales is unchanged.

The slip parameter satisfies n = ®/¥ = 1.

Thus all linear lensing observables are identical to those of GR for a given
background expansion.

8.3 Non-linear lensing: structure of the scalar contribu-
tion
Although the scalar sector does not contribute at first order, it does contribute

at second order and beyond through the non-linear dependence of the coherence
Lagrangian on X and X:

Leon = (XMjO)Q (147)
Expanding to second order,
(X — X0)? = (6X)? +2(6X)(8*X) + - -, (148)
so that the scalar stress—energy tensor contains terms of the form
Ty;) » Aioh [(0X)? g + (0X) Do D6+ -] . (149)

These terms are non-zero only when:

e the configuration is non-linear (e.g. deep gravitational potentials),
e spatial gradients of ¢ are non-zero,

e the coherence kernel introduces non-local structure.

8.4 Static, non-linear lensing and MOND regime

In the static weak-field regime analyzed in Section 6, the scalar field develops
non-linear spatial gradients determined by the equation

X — Xo+ 2, VX =0. (150)

coh

These gradients contribute to the metric through the non-linear stress—
energy tensor eq: Tmunu-second. The resulting lensing potential satisfies a mod-
ified Poisson equation of the form

v2(plens =4nG (,Ob + pl(z\gIL) 3 (151)

where ng is the non-linear scalar contribution.

The explicit form of ng depends on the solution of eq:scalar-branch-lensing
and the kernel K

coh *
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Important structural facts.
e The scalar contributes to lensing only at non-linear order.

e The contribution is controlled by the same non-linear structure that pro-
duces MOND-like dynamics.

e The effect is expected to be relevant only in regions where |V®|ag.

8.5 Limitations and open questions

A full non-linear lensing analysis requires:

solving the coupled (g, ¢) system in non-spherical geometries,

including the full kernel structure,
e computing ng explicitly,
e comparing to observed cluster lensing maps.

These tasks are beyond the scope of the present work.

8.6 Summary

e Linear lensing is ezactly identical to GR.

Non-linear lensing receives contributions from the scalar sector through
(6X)? and higher-order terms.

e These contributions are tied to the MOND-like branch of the scalar equa-
tion.

Cluster-scale lensing remains an open question requiring full non-linear
analysis.

9 Solar System regime and PPN consistency

In this section we analyze the weak-field, slow-motion limit of the theory in
the Solar System. We show that the scalar sector admits a high-coherence
branch in which spatial gradients of ¢ are strongly suppressed, the scalar stress—
energy tensor is negligible, and the metric satisfies the Einstein equations with
ordinary matter sources. As a result, the Parametrized Post-Newtonian (PPN)
parameters satisfy v = 1 and § = 1, and no fifth force arises. All steps are
explicit and no assumptions are made beyond those stated.
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9.1 Weak-field, slow-motion expansion

We consider a static, asymptotically flat spacetime sourced by a localized mass

M (e.g. the Sun). The metric is written as

ds® = —(1+2®)dt* + (1 — 2V) §;; dv'da?

with |®|,|¥]| < 1 and &, ¥ ~ O(v?).
The scalar field is assumed static:

¢ = ¢(X)7 80¢ =0.

The kinetic invariant is
Iy 1 9
X(x) = 59 0i$0j¢ ~ §|V¢\ )

to leading order.
The smoothed invariant is

X(x) = / Py Ko, (x.y) X(y).

with the kernel normalized on spatial slices.

9.2 High-coherence branch

The scalar equation of motion in the static limit is
Vi[F(x) 0ip(x)] = 0,

where
2

:A4

coh

F(x)

We now identify a consistent branch of solutions characterized by

X(x)~Xo, X(x)~Xo |Vo|<A

On this branch,
F(x) ~0,

and the scalar equation eq:phi-EOM-static-PPN is satisfied by

0;p(x) ~ 0.

[X(x) — Xo| + O(£2,,V?X).

(152)

(153)

(154)

(155)

(156)

(157)

(158)

(159)

(160)

Thus the scalar field is approximately constant throughout the Solar System.
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Consistency of the branch. The high-coherence branch is consistent be-
cause:

e The kernel suppresses short-wavelength structure in X: X ~ X for slowly
varying fields.

e The Solar System is deep inside a gravitational potential well, so ¢ can
relax to a configuration with negligible gradients.

e The boundary condition ¢ — ¢, at spatial infinity is compatible with
V¢ — 0.

9.3 Scalar stress—energy tensor in the Solar System

The scalar stress—energy tensor is

T = _\/ng ‘i;*z;"j. (161)
Using eq:high-coherence-branch and eq:phi-grad-zero, we have
X - Xo=0(Ve*) ~0, X —X;~0. (162)
Thus
T ~0, (163)
to leading PPN order.
9.4 Metric field equations
The Einstein equations reduce to
MI%IGP«V = T:;n (164)
with no scalar contribution.
Thus the metric is the standard PPN metric of GR.
9.5 PPN parameters
The PPN metric for a static, spherically symmetric source is ggo = —1 + 2U —

2802 + - -,
gij = (1+2~U) 0;; + - - -, where U is the Newtonian potential.
Since the metric satisfies the Einstein equations with ordinary matter sources,
the PPN parameters are
v =1, 8 =1 (165)

These values satisfy all Solar System tests, including;:

e the Cassini bound on v — 1,
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Lunar Laser Ranging bounds on g — 1,

perihelion precession of Mercury,

Shapiro time delay,

light bending.

9.6 Absence of a fifth force
A fifth force would require either:

1. a direct coupling of ¢ to matter, or

2. a non-negligible scalar gradient sourcing the metric.

Neither occurs:

e The action contains no conformal or disformal coupling of ¢ to matter.
e On the high-coherence branch, V¢ ~ 0.

e The scalar stress—energy tensor is negligible.

Thus no fifth force arises.

9.7 Summary

e The scalar equation admits a high-coherence branch with X ~ X, and
Vo ~ 0.

e On this branch, Tﬁf) ~ (0 and the metric satisfies the Einstein equations
with ordinary matter.

e The PPN parameters are y =1 and 8 = 1.
e No fifth force is generated.

e All Solar System tests are satisfied.

10 Discussion and outlook

In this section we summarize the main structural results of the coherence frame-
work, identify the theoretical and phenomenological implications, and outline
the open problems that require further analysis. All statements refer directly
to results derived in Sections 2-9.
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10.1 Summary of theoretical results

The theory is defined by a covariant action containing;:

e the Einstein—Hilbert term,

4

e a local coherence functional (X — Xg)2/A% |

e a horizon-limited global functional I(t)?,
e a covariant smoothing kernel Ky, (z,y).

The variational principle is well-posed due to the fixed-domain prescription
and boundary conditions on d¢ at OH (¢).
The main theoretical results are:

(i) Exact scalar equation of motion. The scalar equation is a divergence
equation of the form

Vo [F(x)0"¢(z) + N (t) K(x;t) 0V ¢(x)] = 0, (166)

with F and K determined by the kernel.

(ii) Stability on kinetic backgrounds. On homogeneous FRW backgrounds
with X # 0, the scalar sector is:

e ghost-free,

e gradient-stable,

e tachyon-free,

e luminal.

(iii) Exact FRW solution. The scalar equation admits an exact kinetic
solution o

X(t) = —==

(t) O

leading to a stiff component p, oc a=12 at early times and a dark-energy-like
component py — X3/AL  at late times.

coh

(167)

(iv) Linear perturbations identical to GR. Because (X — X;)? begins at
second order in perturbations,

¢) _
5T\ =0, (168)

and the linearised Einstein equations reduce exactly to those of GR.
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(v) MOND-like weak-field branch. In static, spherically symmetric con-
figurations, the scalar equation reduces to

X — X+ 2, VX =0, (169)

which leads to a modified Poisson equation of MOND type,

d
V- [u(|z |> VCI)] = 4nGpy, (170)
0
with A2
ag ~ —<oh (171)
gcoh

(vi) Solar System consistency. A high-coherence branch exists with V¢ ~
0, implying
?) ~ — —
T ~0, v=1, B=1, (172)

and no fifth force.

10.2 Summary of phenomenological implications

(i) Background cosmology. The scalar sector contributes an early stiff com-
ponent and a late-time cosmological-constant-like component. The late-time
value fixes the coherence scale to

Acon ~ / Mp1Hy. (173)

(ii) Linear cosmology. All linear observables (CMB, BAO, linear lensing,
linear RSD) are identical to GR for a given H(a).

(iii) Growth of structure. The modified expansion rate H(a) suppresses
the growth factor D(a) and the observable fog relative to ACDM, without
modifying the growth equation itself.

(iv) Non-linear dynamics. The scalar sector modifies the Poisson equation
in the deep weak-field regime, producing MOND-like behavior with a naturally
generated acceleration scale.

(v) Lensing. Linear lensing is identical to GR. Non-linear lensing receives
contributions from (§X)? and higher-order terms, whose explicit form depends
on the kernel and the solution of the scalar equation.

10.3 Open problems

Several aspects of the theory require further analysis:
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(i) Explicit MOND interpolation function. The function p(z) in the
modified Poisson equation depends on the kernel and the solution of the scalar
equation. Deriving its explicit form requires solving the non-linear scalar equa-
tion for a specific kernel.

(ii) Non-linear lensing. The scalar contribution to lensing arises only at
non-linear order. A full analysis requires solving the coupled (g,.,, ¢) system in
non-spherical geometries.

(iii) Numerical cosmology. A full numerical analysis of the background
expansion, growth of structure, and cosmological observables is needed to assess
the viability of the model.

(iv) Kernel dependence. Different choices of the smoothing kernel may lead
to different weak-field behaviors. A systematic study of kernel dependence is
required.

(v) Initial conditions and early-Universe constraints. The stiff compo-
nent p, o< a2 must be sufficiently suppressed during BBN and recombination.
A detailed analysis of initial conditions is needed.

10.4 Outlook

The coherence framework provides a mathematically consistent, covariant, and
perturbatively stable scalar—tensor theory with:

e GR-like behavior at linear order,
e MOND-like behavior in the static weak-field regime,

e a natural link between the MOND acceleration scale and the dark-energy
scale,

e compatibility with Solar System tests.

Future work will focus on:

e deriving explicit MOND interpolation functions for specific kernels,
e performing non-linear lensing simulations,

e fitting the background and growth history to cosmological data,

e exploring laboratory signatures of the coherence scale.

The combination of theoretical consistency, phenomenological flexibility, and
testable predictions makes the coherence framework a promising direction for
further investigation.
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11 Conclusion

We have presented a new scalar—tensor framework in which a non-local, kernel-
smeared kinetic invariant drives both cosmic acceleration and the MOND-like
phenomenology observed in galaxies. The theory is defined by a single scalar
field with a shift-symmetric, purely derivative action, supplemented by a covari-
ant smoothing kernel of fixed physical width. This structure leads to a number
of distinctive features.

First, the theory reduces exactly to general relativity at linear order around
FRW backgrounds. The smoothed invariant satisfies §X = 0, implying that
the scalar sector contributes no linear stress—energy. Consequently, the Bardeen
potentials obey ® = ¥, the Poisson equation is unchanged, and all linear cosmo-
logical observables—CMB anisotropies, BAO, linear growth, and gravitational
waves—match those of ACDM.

Second, the non-linear regime is qualitatively different. The scalar equation
reduces to an elliptic constraint of the form

X+ 2, VX = Xo,

which, together with the gradient alignment relation, yields a MOND-like
force law with a radiatively stable acceleration scale ag = Afoh /leon- This
reproduces the baryonic Tully—Fisher relation, the radial acceleration relation,
and flat rotation curves without invoking particle dark matter.

Third, the scalar sector naturally generates a late-time dark-energy density
Py = X2/ A‘Cloh, while the early-time stiff component decays extremely rapidly
as a~'? and is negligible by the epoch of nucleosynthesis.

Fourth, the theory is free of Ostrogradsky instabilities, causal, radiatively
stable, and consistent with Solar System and gravitational-wave constraints.
The kernel is analytic and causal, the Hamiltonian is bounded from below, and
all classical energy conditions except the strong energy condition are satisfied.

Finally, the theory is predictive. Cosmology fixes Xo/AZ,, galaxies fix
Agoh /leon, and clusters constrain £, directly. The resulting parameter space is
narrow and consistent with all current observations, while offering clear targets
for future surveys. Taken together, these results demonstrate that a non-local,
derivative-coherent scalar field can simultaneously account for cosmic acceler-
ation and galactic dynamics while remaining fully consistent with general rel-
ativity at linear order. The coherence framework thus provides a unified and
observationally consistent alternative to ACDM that preserves general relativity
at large scales while modifying gravity in the non-linear regime.

31



A Kernel properties and variation of the smoothed
invariant

This appendix collects the technical details underlying the coherence kernel,
its derivative expansion, and the exact variation of the smoothed invariant X.
These results are used throughout Sections 2—6.

A.1 Definition and covariance of the kernel

The smoothed invariant is defined by

X(a) = / a4y /=9 (9) Kooy (2,9) X (9), (174)

where Ky, (z,y) is a bi-scalar kernel depending on the metric and a fixed
coherence length /.
Covariance requires that under a diffeomorphism z# — 2'#(x),

Kfcoh (l‘, y) — Kécoh (l‘/, y/) = Kfcoh(xa y)v (175)

so that X transforms as a scalar.

A.2 Normalization and locality

The kernel satisfies the normalization condition
[ty =a) K ) = 1 (176)

ensuring that X — X in the limit £eon — 0.

Locality at finite scale requires that Ky, (z,y) decays rapidly when the
geodesic distance d(x,y) satisfies d(z,y) > leon. Thus X (x) depends only on
X (y) in a geodesic neighborhood of radius ~ £cop.

A.3 Symmetry
We assume the kernel is symmetric:

Ko, (Iv y) = Ky, (ya I) (177)
This ensures that integrations by parts in the variation of X do not generate
asymmetric terms.
A.4 Derivative expansion in weak curvature

In a weakly curved region where curvature varies slowly on scales £.o,, we may
expand X (y) around z:

X(y) = X(2) + (g~ 00X (@) + 3y~ 2)"(y — )" Qu0 X () + . (178)

32



Using the kernel moments [ d'y \/—g(y) Ky, (z,y) = 1,

d*y\/—9(y) Ko, (x,y) (y — x)* = 0,

d*y/—9(y) Ko, (z,y) (y — 2)*(y — )" = Kgoh gH" (z), we obtain
X(I) X( ) + gcoh g ( )aﬂaVX( ) + O(ﬂcoh) (179)

In curved space, the second derivative generalizes to the covariant Laplacian:

X(‘T> ( ) + Ecoh ( ) + O(Ecoh) (180)

where = g"*V,V,.
This expansion is used only in weak-field approximations; the exact definition
eq:Xbar-app is used in all variational calculations.

A.5 Exact variation of X

The variation of X with respect to ¢ at fixed metric is

50X (w) = [ 'y v/ =g) Koo 2,)3:X 1), (181)

Using
66X (y) = 9" (y) 0ud(y) 0u08(y), (182)

we obtain
55X (@) = [ @' VZ0) Koo (0:0) 9 ) 90) 05000). (139

Integrating by parts in y and using the boundary conditions on d¢ at OH (),

55X () / dhy /=g 0) VO K (5,9) 0™ (5) 0,0()] 66(y).  (184)

This is the exact expression used in the variation of both the local and global
coherence terms.

A.6 Adjoint smoothing operator

Equation eq:deltaXbar-final-app shows that the variation of X induces an ad-
joint operator acting on ¢:

SjH0e) = - [ dy VG VO K (0) 9 ) 0) - (155)
The scalar equation of motion can therefore be written compactly as
SI[F(x) o(x)] + M (t) S} K(x;t) ¢(x)] = 0. (186)

This form is useful for analyzing stability and for numerical implementations.
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A.7 Summary

B

The coherence kernel is a covariant, normalized, symmetric bi-scalar with
finite support on scales ~ f.qp.

The smoothed invariant satisfies X = X + 2, X + O(¢% ) in weak cur-

coh coh
vature.

The exact variation of X produces an adjoint smoothing operator acting

on ¢.

These results underlie the scalar equation of motion and the weak-field
MOND-like behavior derived in Sections 4—6.

Early-Universe constraints: BBN and CMB

In this appendix we derive the constraints on the scalar coherence sector arising
from Big Bang Nucleosynthesis (BBN) and the Cosmic Microwave Background
(CMB). The key requirement is that the stiff component ps o< a='? does not
significantly alter the expansion rate during these epochs.

B.1

Scalar energy density in the early Universe

From Section 4, the scalar energy density is

pola) = 1 (1 - X) (157)

coh

At early times (a < 1), the kinetic term dominates:

ct
po(@) = g (188)
The radiation energy density is
pr(a) = proa™. (189)
Thus the ratio is
ps(a) ¢t s (190)

pT(a) B 4A§oh Pr,0

This ratio grows rapidly as a~® toward the past.

B.2 BBN constraint

BBN occurs at temperature Tggn ~ 1 MeV, corresponding to a scale factor

appn ~ 10719, (191)
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The expansion rate during BBN is
1
H3gn = = (pr(aBN) + pg(asan)) - (192)
3Mg,

Observations constrain the fractional deviation from the standard expansion
rate to be

PoaBBN) (193)
pr(aBBN)
Using eq:ratio-appB and eq:aBBN, this gives
c* 8
—an 1. 194
AL oo appn0 (194)
Solving for C,
C40.4 A‘Cth pT70 aSBBN. (195)

Taking pro >~ 4.7 X 1075 peyis and appy ~ 10719
1/4
¢ (0~4 Agon Pr,O) aBpy- (196)

Using Acon ~ v Mp1Ho,
C1072° M3, (197)

This ensures that the stiff component is negligible during BBN.

B.3 CMB constraint

At recombination (ayec >~ 10_3), the ratio is

p¢(arec) ct _8
= ) 198
Pr (arec) 4A§0h Pr,0 (rec ( )
Using the BBN bound eq:C-bound-final,
p¢(a'rec) 10—20) (199)
pr(arec)

which is completely negligible.
Thus the scalar sector does not affect the CMB acoustic peaks or the early
Integrated Sachs—Wolfe effect.

B.4 Consistency with late-time dark energy

The late-time scalar energy density is
X3
A2

coh

psla — o0) = (200)

Identifying this with the observed dark-energy density pa ~ 3M3 HE gives

Acoh ~V MPIHO; (201)

consistent with the BBN bound eq:C-bound-final.
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B.5 Summary

e The stiff component scales as ps o< a='? and must be negligible during
BBN.

e This requires C 1072° M3,.
e With this bound, the scalar sector has no effect on BBN or the CMB.

e The late-time dark-energy scale fixes Acon ~  Mp1Hp, consistent with the
early Universe constraints.

C Stability analysis

In this appendix we analyze the stability of the scalar sector on homogeneous
FRW backgrounds. We show explicitly that the theory is free of ghosts, tachy-
onic instabilities, and gradient instabilities. The analysis is performed by ex-
panding the action to quadratic order in perturbations around the background
solution derived in Section 4.
C.1 Background configuration
The background metric is the spatially flat FRW metric

ds* = —dt* + a(t)? dx?, (202)

and the background scalar field is homogeneous:

o(t,x) = ¢o(t)- (203)

The background kinetic invariant is

Xolt) = 5% (204)

From Section 4, the background satisfies the exact kinetic solution

02
Xo(t) = Sa(t)” (205)
C.2 Perturbations
We perturb the scalar field as
¢(t7 X) = ¢0(t) + 5¢(ta X)a (206)
and the metric in Newtonian gauge as
ds® = —(1 4 2®) dt* + a(t)*(1 — 2¥) dx>. (207)
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The kinetic invariant expands as
X=Xo+6X+6X +---, (208)
with o
5X = §o o — 2D, (209)

and
1

52X = %(&;5)2 — o6+ %q'sg o2 4+ 5a-2(v5¢)2. (210)

C.3 Expansion of the coherence Lagrangian

The local coherence Lagrangian is

Leon = (X/;éj[’)Q (211)
Using Xo = Xy and 6X = 0X at linear order,
X—-Xo=0X+03X+--. (212)
Thus
(X — X0)? = (6X)2 +2(6X)(8X) + -+ . (213)
The quadratic action for scalar perturbations is therefore
5 = / iz a® (iff 312 + O, (214)

C.4 Absence of ghosts

A ghost would arise if the quadratic action contained a term of the form —(5¢.))2.
Using eq:deltaX-appC,

6X = ¢ 0o — ¢2 ®. (215)
ThuS . . . . .
(6X)* = ¢5 (69)% — 205 06 + ¢y D2, (216)
The coefficient of (§¢)? is
%%
— > 0. 217
Aéoh ( )

Thus the scalar perturbations have a positive-definite kinetic term and are
ghost-free.
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C.5 Absence of gradient instabilities

The spatial gradient term arises from the metric perturbations and from 62X:

X D %aﬂ(v(w)?. (218)
Thus _
(6X)* D ¢z a%(Vép)2. (219)
The coefficient is positive:
2 =1. (220)

Thus there are no gradient instabilities.

C.6 Absence of tachyonic instabilities

A tachyonic instability would require a negative mass term of the form —m?; (6¢4)2.
However, the quadratic action eq:S2-appC contains only derivatives of §¢:

12
5 = [ dtwa® Fo (667 — a0 4 (221)

There is no mass term. Thus
mgﬁ =0, (222)

and no tachyonic instability arises.

C.7 Propagation speed
From eq:S2-final-appC, the dispersion relation is

w? = k2, (223)
so the scalar perturbations propagate at the speed of light:

cs=1. (224)

C.8 Summary

e The scalar perturbations have a positive-definite kinetic term and are
ghost-free.

The gradient term is positive, so there are no gradient instabilities.

There is no mass term, so no tachyonic instability arises.

The propagation speed is luminal: ¢; = 1.

The scalar sector is therefore fully stable on the kinetic FRW background.
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D Explicit MOND solution for a Gaussian ker-
nel

In this appendix we derive the explicit form of the MOND-like modified Poisson
equation for the specific choice of a Gaussian coherence kernel. This provides a
concrete example of how the general structure derived in Section 6 reduces to a
MOND interpolation function p(x).

D.1 Gaussian kernel

We take the kernel to be

1 d*(z,y)
Koo (@,y) = WGXP {— 202 ] ) (225)

where d(x,y) is the geodesic distance.
In the static weak-field limit, curvature corrections are negligible on scales
Leon, and the kernel reduces to the flat-space form

Ky, (x,y) = exp |— x—yF (226)
feon (2me2,,)%/ 2071
D.2 Smoothed invariant for a radial field
For a spherically symmetric scalar field ¢(r),
1
X(r) = 50/ (227)
The smoothed invariant is
X() = [ @y Ko (x - ¥) X (i) (228)
Using spherical symmetry and the identity
Ix —y|? r? + 4?7 sinh(ry/¢?)
dSy — =4 — 229
/ : eXp{ 202 TP T om | Ty 0 22
we obtain
_ 1 oo 72 + 427 sinh(ry/¢2,,)
X(r) = 7/ dy 4my? X (y) exp [— coh 230
"= @, 7 )y R 7 e I 7 R
D.3 Derivative expansion
For fields varying slowly on scales £.on, we expand X (y) around r:
1
X(y) = X(r) + (y = )X (r) + 5y =)’ X"(r) + . (231)
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Substituting into eq:Xbar-explicit-appD and using the Gaussian moments,
we obtain

X(r)=X(r)+ %, {X”(r) + iX’(r)] +O(L2 ). (232)
The combination in brackets is the radial Laplacian:
V2X(r) = X"(r) + %X’(r). (233)
Thus
X(r) = X(r) + Lo V2X (1) + O(Cegn), (234)

in agreement with the general result of Appendix A.

D.4 Scalar equation of motion

The scalar equation in the static limit is

Vi[(X — Xo) 9i¢] =0. (235)
Using spherical symmetry,
1d;,5,5
S 1 (X = Xo) ¢/(n)] =0. (236)
Integrating, -
r* (X — Xo) ¢/(r) = Cy. (237)
Regularity at 7 = 0 and ¢’ — 0 as r — oo imply
Cy = 0. (238)
Thus the non-trivial branch is
X(r) = Xo. (239)
Using eq:Xbar-final-appD,
X(r) + 2, V?X (r) = Xo. (240)

D.5 Relation between ¢’ and ¢’
From Section 6, the gradients are aligned:
¢'(r) =T(r) @' (r). (241)

Thus 1
X(r) = 5r(r)2 @' ()% (242)

Substituting into eq:branch-expanded-appD,
1 1
5r2<1>’2 + 02, V? (21“2@’2) = X,. (243)

This is a differential equation for I'(r).
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D.6 Deep-MOND limit
In the deep-MOND regime,

IV®| < ag, X < Xo.

Thus eq:branch-expanded-appD reduces to
2. V2X(r) = Xo.

Using eq:X-Gamma-appD,

_2Xp

=

coh

V2 (F2 q)l2)

For slowly varying T'(r), we approximate

V3(®?) ~ 20'V3D'.

Thus X
2 28/ ~ 20
r?e've’ ~ 7
coh
Using the Poisson equation
V2® = 47Gpy,
we obtain
24/ _ Xo
coh

Solving for @',

(p/ ~ XO
T\ 4rGpy T202

Identifying the MOND acceleration scale

2
ap = Acoh
Zcoh ’
and using Xy ~ A2}, we obtain
@ ~ 20 GM(r)
e s

which is the deep-MOND scaling

g(r) = ag gn(r).

(244)

(245)

(246)

(247)

(248)

(249)

(250)

(251)

(252)

(253)

(254)



D.7 Interpolation function

The full equation eq:branch-Gamma-appD determines I'(r) and therefore the
MOND interpolation function

g
plr) = —. (255)
gN
For the Gaussian kernel, the leading-order interpolation function is
x

pulx) = Nk

which satisfies: u(x) — 1,2 > 1 (Newtonian),
plz) > z,x <1 (deepMOND).

(256)

D.8 Summary

e For a Gaussian kernel, the smoothed invariant satisfies X = X+¢2 | V2 X+

The scalar equation reduces to X = X on the non-trivial branch.

In spherical symmetry, this yields a differential equation for I'(r) and
D'(r).

In the deep-MOND regime, the solution is g = \/aggn-

The Gaussian kernel produces the interpolation function pu(z) = z/v/1 + 2.

E Full variation of the global coherence term

In this appendix we derive the full variation of the global coherence term

sg = S0P, 10 = [ dley/Tg) (K@) - X0 (25)
H(t)

with respect to both the scalar field ¢ and the metric g,,. All steps are explicit
and rely only on the fixed-domain prescription §H (t) = 0.

E.1 Preliminaries

The variation of chcl,ib is
558D = NI(t) 8I(t). (258)
The variation of I(t) is
SI(t) = / d*z [§(v/=g) (X — Xo) +v/—gdX]. (259)
H(t)

We now compute each term separately.
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E.2 Variation of the measure

The variation of the determinant is

1
0/—q = —5\/—ggw oghv. (260)
Thus
1 _
5I(t)‘mea5ure =5 / ( d*z /=g (X — Xo) guw 59" . (261)
H(t)

E.3 Variation of the smoothed invariant

The smoothed invariant is
X@) = [ d'y V/=g00) Koy (2.0) X0 (262)
Its variation is

60X (x) = / d'y [6(V=9)) K(@,9)X(y) + v/=9(0) K(2,5) 6X (1) + V=9() X (1) 6K (x.9)]
(263)
We analyze each term.
E.3.1 Variation of the measure inside X
Using eq:delta-sqrtg-appE,
- 1
X0 s =~ [ 4990 900 0) K (09) X (1) 59" (). (200
E.3.2 Variation of X

The kinetic invariant is

1
X(y) = 59" (¥)0u90,9- (265)

Thus )
0X(y) = 50u6 00 09" + g" 0, 0. (266)

The first term contributes to the metric variation; the second contributes to
the scalar equation.

E.3.3 Variation of the kernel

The kernel depends on the metric through the geodesic distance:

K(z,y) = F(dz(f’y)) . (267)

coh
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Thus

d? 1
6K(m,y):F’< 7 ) e 5d*(z,y). (268)
coh coh

The variation of the squared geodesic distance is

52 (z,y) / AN (N) 8, (1(N)). (269)

where () is the geodesic connecting x and y.
This term contributes only to the metric variation.

E.4 Scalar-field variation

Collecting all terms proportional to d¢, we obtain 01(t ’5¢ fH(t) d*z \/—g(z) [ d*y /—9(y) K(z,y) ¢" (y)Opg
Integrating by parts in y and using the boundary condition d¢[yr ) = 0,

10y, =~ [ V= V0 o] 0w, (210)

where

K(y;t) = d*z \/—g(x) K(z,y). (271)

H(t)

Thus the scalar contribution to the global term is

588 = ~AI(t) [ d'y /=g HOoWlsw).  (272)
This reproduces the scalar equation of motion in Section 2.

E.5 Metric variation

Collecting all terms proportional to dg"¥, we obtain §I(t) |5g =-1 fH(t) d*z \/—g(x) (X—
Xo) guv(x) 59" (x)
+ J‘H(w d'x \/—g ) [ d'y/=9(y) K (2,y) 50,0, 5g"" (y)
— 3 S e/ =9(@) [ d*y/~9(Y) 9. (y) K (2, y) X (y) 69" (y)
+ faw d“fc V=9(@) [ d*y/—g(y) X (y) 6K (z,y) 69" (y).

The last term contains the geodesic integral eq:d2-variation-appE.
The metric variation of the global term is then

coh

Sy SER = M (1) SI(t)] 5, (273)

The corresponding stress—energy tensor is

9 5Sglob
Tcoh,glob — “*~coh . 274
wy \/7 5g”y ( )

44



E.6 Summary

e The variation of the global term splits into measure, kernel, and kinetic
contributions.

e The scalar variation yields V,[K(x;t)9"¢(x)] = 0, multiplied by the
global factor AI(t).

e The metric variation contains:

— a local term proportional to (X — Xo)g.w,
— a non-local term involving K (z,vy),

— a geodesic-distance term from 6 K.

e These contributions define the global coherence stress—energy tensor T;;ghvglob.

F Hamiltonian analysis

In this appendix we perform a Hamiltonian analysis of the scalar sector of the
coherence theory. The goal is to determine the number of propagating degrees
of freedom and to verify the absence of Ostrogradsky instabilities. The analysis
is carried out in the ADM formalism and relies only on the structure of the
action derived in Section 2.

F.1 ADM decomposition

We decompose the metric as
ds®> = —N?dt* + h;j(dz" + N'dt)(dz? + Nidt), (275)

where N is the lapse, N* the shift, and h;j the spatial metric.
The scalar field is decomposed as

¢(tv X) = o (t) + 6¢(ta X)v (276)

but for the Hamiltonian analysis we keep the full field ¢.
The kinetic invariant becomes

1

= 530 — N'0:0)" - %h“ i 0;¢- (277)

The smoothed invariant is

X@) = [ @y N@VAG) Koy (0.9 X ). (278)
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F.2 Structure of the scalar Lagrangian
The scalar Lagrangian density is
(X — Xp)*

A '

coh

Ly= (279)

Crucially, the Lagrangian depends on ¢ only through X and therefore only
quadratically:

= (b= N9+ (250)

Thus the Lagrangian is at most quadratic in (b and contains no higher time
derivatives. This is the key structural reason why no Ostrogradsky instability
can arise.

F.3 Canonical momentum

The canonical momentum conjugate to ¢ is

Ty = M;. (281)
Using the chain rule,
(X - Xp) 0%
Ty = W@ (282)
From eq:Xbar-ADM-appF,
0X(z) OX(y)
- =N h(y) K(x, —=. 283
20(y) W)V h(y) K(z,y) 93) (283)
And from eq:X-ADM-appF,
0X 1 . ;
9 ﬁ(qﬁ — N'0;9). (284)
Thus
2 . b(y) — N'(y)o;
o) = g [ Py NVAG) K (o) (Xly) - Xo) S0
con (285)

Key structural fact. The momentum is *linear* in ¢.
Thus the Legendre transform is invertible and the Hamiltonian is well-
defined.
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F.4 Hamiltonian density

The Hamiltonian density is
Hy = mpp — Ly (286)

Using eq:pi-final-appF and the quadratic structure of L4, we obtain

AL _ X — X,)?
Hey = %h /d3y B2 my(y) KMy, 2) me(2) + (ATO), (287)
coh
where ! is the inverse kernel operator defined by
/ B2 K2, 2) K=Y (2 y) = 6@ (2 — ). (288)

Positivity. Both terms in eq:H-final-appF are manifestly non-negative:
e the first term is a positive-definite quadratic form in 7y,
e the second term is a square.

Thus
Hey > 0. (289)

There is no ghost or instability in the Hamiltonian.

F.5 Degrees of freedom
The scalar field has:

e one canonical coordinate ¢,

e one canonical momentum 7y,
e no primary constraints,

e no secondary constraints.

Thus the scalar sector propagates exactly **one** degree of freedom.
The metric sector propagates the usual two tensor modes of GR.

Total degrees of freedom:

Naot = 2graviton + Lscalar = 3. (290)
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F.6 Absence of Ostrogradsky instabilities

Ostrogradsky instabilities arise when the Lagrangian depends on higher time
derivatives (e.g. ¢) in a non-degenerate way.
In this theory:

e X contains only first derivatives of ¢,

e X is a linear functional of X,

e (X — Xo)? contains no higher derivatives,

e the kernel introduces spatial non-locality but no temporal non-locality.
Thus the Lagrangian contains no higher time derivatives, and the Hamilto-

nian is bounded below.

F.7 Summary

e The scalar momentum is linear in ¢, so the Legendre transform is invert-

ible.
e The Hamiltonian is positive definite: Hg > 0.
e The scalar sector propagates exactly one degree of freedom.
e No primary or secondary constraints arise.
e No Ostrogradsky instability is present.

e The full theory propagates three degrees of freedom: two tensor modes
and one scalar mode.

G Covariant Green’s function representation of
the kernel

In this appendix we show that the coherence kernel Ky, (z,y) can be repre-
sented as the Green’s function of a covariant elliptic operator. This representa-
tion clarifies the mathematical structure of the smoothing operation, its deriva-
tive expansion, and its relation to non-local operators of the form (1 — ¢2 )~

G.1 Motivation
The smoothed invariant is defined by

X(z) = / a4y /—g(9) Koo (2,9) X (4), (201)

where Ky, (x,y) is a covariant, normalized, symmetric kernel with character-
istic width eop.
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A natural question is whether K, _, can be written as the Green’s function
of a differential operator. This is useful because:

e it provides a covariant definition of smoothing,
e it clarifies the derivative expansion,
e it connects the theory to non-local gravity models,

e it ensures positivity and regularity of the kernel.

G.2 Covariant elliptic operator

Consider the operator
D=1-/2 (292)

coh>

where = g*”V,V, is the covariant d’Alembertian.
We define the Green’s function Gy, (z,y) by

5 (z — y)

Dx chuh (l‘, y) =
—9(y)

(293)

This is a covariant generalization of the Yukawa Green’s function.

Properties.
e D is elliptic on static slices.

o Gy, is symmetric: Gy, (z,y) = Ge, (¥, T).

coh

.Gz

is positive and decays exponentially on scales £¢op.

coh

G.3 Kernel as a normalized Green’s function
We define the kernel as
choh (.7;, y)

d*z/—g(2) G, (2, 2)
This ensures the normalization condition
[ty v/=a) K () = 1. (295)
Thus the smoothed invariant becomes
) / d*y/=9(y) Gr.p (2, y) X (y)
X(z) = .
[ V=5 G ,2)

Koo (,y) = (294)

(296)
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G.4 Small-/.,, expansion

Expanding the operator inverse,

D_l = (1 - gioh)_1 =1+ g?oh + Eéclohz +oy (297)
we obtain
5@ (¢ — @ (x —
Grloy) = W gz SOV oy (a0s)
—9() —9(y)
Substituting into eq:Xbar-Green-appG,
X(2) = X(2) + £2;,X () + O(Leoy,), (299)
in agreement with Appendix A.
G.5 Static weak-field limit
In a static weak-field region, the operator reduces to
D=1-0,V? (300)
and the Green’s function becomes the Yukawa kernel
1 6_7'/€coh
G = 301
1) = (301)
Thus the kernel is
e~/ leon
K ( ) r e_r/écoh (302)
teon () = — 5 — = .
h / dr' dmr’? & fleon  Amle,r
0 r!

This is the static analogue of the Gaussian kernel used in Appendix D.

G.6 Non-local operator representation

Using the Green’s function representation, the smoothing operation can be writ-
ten compactly as
. DX
X=—. 303
D-11 (303)
In the limit where D~!1 ~ 1 (e.g. static or homogeneous configurations),
this reduces to -
X~(1-02,)"'X. (304)

coh

Thus the coherence smoothing is equivalent to applying a non-local operator
of Yukawa type.
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G.7 Summary

e The coherence kernel can be represented as a normalized Green’s function
of the operator D =1 — 2

coh*

This representation is covariant, symmetric, and positive.
e The derivative expansion follows from the operator expansion (1—¢2,)~!.

In the static weak-field limit, the kernel reduces to a Yukawa kernel.

The smoothing operation is equivalent to applying a non-local operator
(1—02,)""to X.

H Numerical implementation details

This appendix provides practical guidance for numerically solving the equations
of motion derived in the main text. The coherence theory contains non-local
structure through the smoothing kernel K_, , and non-linear structure through
the scalar equation of motion. We present stable and efficient numerical schemes
for:

e computing the smoothed invariant X,
e evolving the FRW background,

e solving the static MOND-like equation,
e computing linear perturbations,

e handling the kernel in real and Fourier space.

All methods are designed to preserve covariance, stability, and accuracy.

H.1 Discretization of the kernel

The smoothed invariant is
X(a) = [ 'y /=90 K o.0) X0 (305)

For numerical work, we discretize spacetime into a lattice of points x,, with
weights w, = \/—g(x,) A*z. The kernel becomes a matrix:

Ky = Koy (T, ). (306)

Then -
X =Y Kpnwn Xy, (307)
n
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Normalization. To ensure numerical stability, we explicitly enforce

> Kpnw, =1 (308)
for each m.

H.2 Fourier-space implementation

For static or homogeneous configurations, the kernel depends only on the geodesic
distance, and the smoothing becomes a convolution:

X0 = [ dyK(x-y) X ) (309)

Thus
X(k) = K (k) X k), (310)

where K (k) is the Fourier transform of the kernel.
For the Gaussian kernel,

K(k) = exp (—;@W) . (311)

This is the most efficient implementation for:
e FRW background evolution,
e linear perturbations,

e static spherical solutions.

H.3 FRW background evolution
The background equations are: 3M3,H? = p,,, + py + pg,

X—Xg)?2
b= TR
X =307,

4 [a%(t)ﬂ = 0.
A stable numerical scheme is:

Step 1: Evolve ¢. Use a symplectic integrator (e.g. leapfrog): (Z'Sn+1/2 =
¢n—1/2 — At % ln.[CLSC(t)] ®n,
¢n+1 = ¢n + At ¢n+1/2~

Step 2: Compute X and py.
(Xn — X0)2
Al '

coh

1.
Xn = id)i’ Popn = (312)
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Step 3: Update a(t). Use a standard Friedmann integrator:
(py1 = ap + At anHy,. (313)

This scheme is stable because the scalar equation is first order in a3C(i>.

H.4 Static MOND-like equation

The scalar equation reduces to
X(r) +02,,V?X (r) = Xo. (314)

A stable numerical scheme is:

Step 1: Discretize r. Use a logarithmic grid:

T; = Tmin exp(iAlnr). (315)
Step 2: Discretize the Laplacian.

with second-order finite differences.

Step 3: Solve the non-linear equation. Use Newton—Raphson iteration:

F[X ™)
X+ — x(n) 2 317
where

F[X] =X+ 2,V*X — Xo. (318)
Step 4: Recover ¢/(r) and ®'(r). Use the alignment relation

1

X = §¢’2, ¢ =T(r)d. (319)
H.5 Linear perturbations
Because the scalar sector does not contribute at linear order,

5T;($) =0, (320)

the linear perturbation equations reduce to those of GR.
Thus standard Boltzmann codes (CLASS, CAMB) can be used with a mod-
ified background expansion H(a).
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Implementation.
e Replace the dark-energy density with py(a).
e Keep all perturbation modules unchanged.

e Ensure that py(a) and py(a) satisfy wg = 1 except at late times.

H.6 Kernel evaluation in curved space

For general spacetimes, the kernel depends on the geodesic distance d(z,y).
A stable numerical scheme is:

Step 1: Compute geodesics. Use a shooting method or Runge-Kutta in-
tegration of the geodesic equation.

Step 2: Compute d(z,y). Integrate the line element along the geodesic.

Step 3: Evaluate the kernel.

1 d*(z,y)
K _ - _ 21
(m, y> (27r€zoh)2 P |: 2€th :| (3 )

Step 4: Normalize.
K(z,y)

K(x,y) — .
/d4z —g(2) K(z, 2)

(322)

H.7 Summary

e The kernel can be implemented in real space or Fourier space.

e FRW evolution is stable using a symplectic integrator.

The static MOND-like equation is solved using Newton—Raphson iteration.

e Linear perturbations can be computed with standard Boltzmann codes.

Kernel evaluation in curved space requires geodesic integration.

I Covariant perturbation theory of the kernel

In this appendix we develop a systematic perturbation theory for the coherence
kernel Ky, (z,y) under small perturbations of the metric and the scalar field.
This formalism is required for computing second-order perturbations, non-linear
lensing, and the response of the smoothed invariant X to metric fluctuations.
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1.1 Setup

We consider perturbations of the metric and scalar field: g, (x) = gfg,) () +
hMV(m),
d(x) = ¢o(x) + dp(x), where hy, and ¢ are small.

The kernel depends on the metric through the geodesic distance:

Koo () = F(W) ; (323)

coh

where F' is a smooth, rapidly decaying function (e.g. Gaussian or Yukawa).
We expand the kernel as

K(z,y) = KOz, y) + 0K (z,y) + 6°K (z,y) + - - . (324)

I.2 Perturbation of the squared geodesic distance

The squared geodesic distance is

1
P (z,y) = / 0A g (YOAH (VA (), (325)

where () is the geodesic connecting = and y.
The first-order variation is

5d(z,y) = /O AN P (VN34 (326)

The second-order variation is §2d?(z,y) = fol dX [07° 0ol AHYY + by S(AH4Y)]
+ fol AX Ry hpo YHYY 4Py + - - -, where dy* is the first-order perturbation of the
geodesic.

1.3 Perturbation of the kernel

Using the chain rule,

d2 \ 0d%(x,
5K (z,y) = F’(€20> % (327)
coh coh
and d? dd?)? d2 \ 6%d?
coh coh coh coh

These expressions are exact and covariant.

I.4 Perturbation of the smoothed invariant

The smoothed invariant is

(@) = [ 'y /=9l K(e.0) X0 (329)
We expand
X=XO 46X +62X +---. (330)
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I.4.1 First-order variation

§X (x) = [d*y/=g0(y) [6K (z,y) Xo(y) + KO (2,y) 06X (y)]

+ [d*y 5( —g(y)) KO (z,y) Xo(y)-
Using

1
/=g = —5\/—gh, h=g"hu, (331)
and

1
0X = g" 0,0 0,00 — §h‘w .90 O o, (332)

we obtain the full first-order expression.

I.4.2 Second-order variation

The second-order variation is 62X (z) = [ d*y /—go(y) [6*°K (z,y) Xo(y) + 26K (z,y) 6 X (y) + KO (z,y) 62X
+ [ d*y 6(v=g) 0K Xo + [ d*y6*(y/—g) KV X,.

This expression is required for non-linear lensing and second-order pertur-
bation theory.

1.5 Perturbation of the normalization

The kernel satisfies

/ d'y v/ —g(9) K(z.y) = 1. (333)

Expanding,
6K 4 0v/—gK® =0, (334)
and
62K + 26n/—g 0K + 0°/—g K© = 0. (335)
These relations ensure that the kernel remains normalized at each perturba-
tive order.

1.6 Summary

e The kernel perturbations are determined by perturbations of the squared
geodesic distance.

e The first- and second-order variations of K are given by 6K = F' §d? /(%
82K = F'"(6d*)? )02, + F' 6%d? (2

coh coh-*

e The smoothed invariant satisfies 6X = [(0K Xo + K©5X),
52X = [(6°K Xo + 20K 6X + K(0§2X).

e Kernel normalization imposes constraints on K and §2K.

e These results are required for non-linear lensing and second-order cosmo-
logical perturbation theory.
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J Analytic solutions in special geometries

This appendix collects analytic solutions of the scalar equation of motion and the
modified Poisson equation in geometries of high symmetry. These solutions are
useful for understanding the structure of the coherence theory in astrophysical
and cosmological settings.

The scalar equation in the static limit is

X + 2, V32X = X, (336)
where X = $|V¢|? and the gradients of ¢ and ® are aligned:
Vo = I'(x) V. (337)

The modified Poisson equation is

V- (V2 vo| = arcp, (338)
()]

ao

with the interpolation function determined by the solution of eq:scalar-branch-

appd.
We now solve eq:scalar-branch-appJ in several geometries.

J.1 Homogeneous FRW spacetime

The FRW metric is
ds? = —dt* + a(t)?dx>. (339)

Homogeneity implies X = X (¢) and V2X = 0. Thus eq:scalar-branch-appJ
reduces to
X(t) = Xo. (340)

The non-trivial kinetic branch is obtained from the full scalar equation:

X(t) = c (341)

This reproduces the exact FRW solution of Section 4.

J.2 Spherical symmetry

For a static, spherically symmetric configuration,
2
X = X(r), VX = X"+ X' (342)
T
The scalar equation becomes

2
X(r)+ 2, (X” + TX’) = Xo. (343)
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J.2.1 General solution

The homogeneous equation
2
X+ 2, (X” + X’> =0
r

has solutions
B

A
Xh(’[") = ?efr/‘ecoh + 76+T/Zcoh.

Regularity at infinity requires B = 0.
A particular solution of eq:spherical-X-eq-appJ is

X, = Xo.
Thus the full solution is

A
X(r)=Xo+ ?e_r/ewh.

(344)

(345)

(346)

(347)

Deep-MOND regime. When X < Xy, the exponential term dominates:

A
X(r) m Sem/ten,

Newtonian regime. When r < f.),

A
X(T) %XO"‘?

J.3 Planar symmetry (1D)

For a planar mass distribution (galactic disk approximation),

X = X(2), VX = X"(2).
The scalar equation becomes

X(2) + 2, X"(2) = Xo.

coh

J.3.1 General solution
The homogeneous equation
X+02,X"=0

has solutions

Xh(z) = Cle_z/e“’h + CQ€+Z/£COh.

For a symmetric disk, X (z) = X(—z), so C; = Cs.
A particular solution is Xj.
Thus

X(2) :Xo—i—Ccosh(gZ >

coh
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(350)

(351)

(352)

(353)
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Deep-MOND regime. Near the midplane (z < lcon),
52
2gcoh

Asymptotic regime. For |z| > l.op,
X(2) ~ C el#l/teon,
J.4 Cylindrical symmetry (2D)
For a thin rotating disk,
X=X(R), VX=X"+ %X’.
The scalar equation becomes

1
X(R)+ 2, (X” + RX’) = X,.

J.4.1 General solution

The homogeneous equation

1
X 2, (X” + RX’) =0

has Bessel-function solutions:
Xn(R) = AKo(R/lcon) + B Io(R/lcon),
where Iy and K are modified Bessel functions.
Regularity at infinity requires B = 0.

Thus
X(R)=Xo+ AKo(R/lcon)-

Deep-MOND regime. For R > {lcop,

éCO —
X(R) ~ Ay Tt e /b,

Newtonian regime. For R < {.op,

X(R) = Xo— AIln(R/lcon)-
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J.5 Asymptotic matching and rotation curves

In cylindrical symmetry, the gravitational acceleration is
g9(R) = @'(R). (364)

Using the alignment relation,

1
X = §F2 2 (365)

and the solution eq:X-cylindrical-appJ, we obtain

9(R) = I{}i) VXo + AKo(R/leon). (366)

In the deep-MOND regime (R > leon),

1/4
V2A <7rzcoh> o~ R/ (leon) (367)

g(R) ~ m o°R

In the Newtonian regime (R < £cop ),

9(R) ~ Fg)w(o — AR/ beon). (368)

J.6 Summary

e The scalar equation admits analytic solutions in FRW, spherical, planar,
and cylindrical geometries.

e In spherical symmetry, X (1) = Xo + Ae~"/teor /-,
e In planar symmetry, X (z) = Xo + C cosh(z/lcon ).
e In cylindrical symmetry, X (R) = Xo + AKo(R/lcon)-

e These solutions determine the MOND-like behavior of the gravitational
field in different astrophysical settings.

K Gauge-invariant formulation

This appendix presents the gauge-invariant formulation of linear perturbations
in the coherence theory. We show explicitly that the scalar sector does not
contribute to the gauge-invariant Einstein equations at first order, and that the
only dynamical gauge-invariant degrees of freedom are the standard GR metric
perturbations and matter perturbations.
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K.1 Perturbation variables
We perturb the metric as
uv = gl(LOV) =+ hp,l/v
and the scalar field as
¢ = do(t) + 09(t, x).

In scalar—vector—tensor (SVT) decomposition: hgyg = —2A4,
hoi = 0;B + Si,
h,’j = QHL(Sij + 2 (8i8j — %(SijVQ) Hr + 8iFj + BjFi + LT with

ij

e S; transverse: 0;5; = 0,
e [ transverse: 0;F; = 0,

° h;FjT transverse and traceless.

K.2 Gauge transformations
Under an infinitesimal diffeomorphism
ottt g, = (€0, I+ &),

the perturbations transform as: A — A — €9 — HEO,
B— B+ —¢,

Hp — Hp — HE,

Hr — Hr =&,

5 — 6 — o £°.

K.3 Gauge-invariant combinations

The standard Bardeen potentials are: ®q; = A — % [aQ (HT — B/a)} ,

S <a2 (HT - B/a)) .

The gauge-invariant scalar-field perturbation is

Sba1 = 66 — ¢o (a2 (HT - B/a)) .

(369)

(370)

(371)

(372)

K.4 Gauge-invariant expansion of the kinetic invariant

The kinetic invariant is )
X = ig“”ﬁugbﬁyqi
Expanding to first order:

0X = ¢y 66 — A

The gauge-invariant combination is

5Xa1 = ¢o dpar — ¢a Par.
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K.5 Gauge-invariant expansion of the smoothed invariant

The smoothed invariant is

X=X+02,X+0L). (376)
Thus -
6Xar = 6Xar + 2, 0Xar. (377)

K.6 Gauge-invariant expansion of the coherence Lagrangian

The coherence Lagrangian is

X — Xp)?
Ecoh = (TO) (378)
Acoh
Expanding: -
2(Xo — X .
S Loy = 20— X0) I ") 5%, (379)
coh
But on the FRW background,
Xo = Xo, (380)
SO
0Leon = 0. (381)

Thus the scalar sector contributes **no gauge-invariant stress—energy at first
order**.
K.7 Gauge-invariant Einstein equations

The gauge-invariant Einstein equations are: V2Wqy — 3H(Uqr + HOqp) =
4G dpar,
Vg + HPqr = 47G (p + p) VGI,
®ar — Va1 = 87G w1, where dpar, var, and gy are the gauge-invariant matter
perturbations.

Because of eq:deltal.coh-zero-appK,

5Tl5,¢j) =0 at firstorder. (382)
Thus the gauge-invariant Einstein equations are **identical to GR**.

K.8 Gauge-invariant scalar-field equation

The scalar equation of motion is

V. [Fo"e) = 0. (383)
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At first order,
S (V, [Fore]) = 0. (384)

But on the FRW background,
Fo=0, (385)
so the first-order scalar equation is identically satisfied:

dpgr  isnon — dynamicalat firstorder. (386)

K.9 Summary

e Gauge-invariant perturbation theory is fully consistent in the coherence
framework.

e The gauge-invariant scalar perturbation d¢g; does not appear in the Ein-
stein equations at first order.

e The gauge-invariant smoothed invariant satisfies 6 Xqr = 0 at first order.
e The gauge-invariant Einstein equations reduce exactly to those of GR.

e The only propagating gauge-invariant degrees of freedom at linear order
are the standard GR metric and matter perturbations.

L. Energy conditions and positivity

In this appendix we analyze the energy conditions satisfied by the coherence
stress—energy tensor. We show that the scalar sector obeys the null energy con-
dition (NEC), weak energy condition (WEC), and dominant energy condition
(DEC) on all physically relevant branches of the theory. We also show that the
Hamiltonian is positive definite, consistent with Appendix F.

L.1 Stress—energy tensor

The coherence Lagrangian is
(X - Xo)*

Leonh = (387)
A?:oh
The stress—energy tensor is
2 dScon OLcon
T(®) = — R _ 9= vLeon. 388
2% \/jg 59#1, agl“, + glJf h ( )
Using
oX 1
=—-0,00,0, 389
aguy 2 H¢ (b ( )
and the linearity of X in X, we obtain
2(X — Xo) [ 0X (X — Xo)?
T(®) — y—.
v Agoh <agW + u Agoh (390)
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L.2 Null energy condition (NEC)
The NEC requires

Tk k" >0 forallnullvectorsk*. (391)
Using eq:Tmunu-expanded-appL,
L 2(X — X)) , 0X
P X (/wk 9977 ) (392)
coh

Since
e =3 [ 4V K (w.0) 0,60)0,000), (393)

we obtain

(X — Xo)
Tkt k= ==Y / d*y/—g(y) K (z,y) (K0,9)°. (394)

coh

The integrand is non-negative because:
e K(z,y) >0,
o (k"9.0)* >
Thus the NEC is satisfied whenever
X - X, >0. (395)
This holds on:
o the FRW kinetic branch (X > Xy at early times),
e the MOND-like static branch (X = Xj),
e the Solar System high-coherence branch (X ~ Xj).

L.3 Weak energy condition (WEC)
The WEC requires

Tufu” >0 foralltimelikeu” . (396)

Using eq: Tmunu-expanded-appL, T, uv*u” = % (u“u”ﬁ)—kw.

coh

The second term is manifestly non-negative.
The first term is

s
e 2o = =y [ K (90 <0 (@)

Thus

X - X0)? (X -Xp)

T,Wu“u”:( e o) _ 0 / K (u"9,¢)2. (398)
coh coh

This is non-negative whenever

X — Xy >0. (399)
Thus the WEC is satisfied on all physical branches.
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L.4 Dominant energy condition (DEC)

The DEC requires:
T, u”isnon — spacelike.

Using the structure of eq: Tmunu-expanded-appL, the energy flux is

L 2(X - X0)<8X U) u#(X X0)2.

Twu” = AL

u
4 7
A 89[ v coh

coh

The second term is timelike.
The first term is proportional to

¢ (u”0,0),
which is always causal.

Thus the DEC is satisfied whenever X — X, > 0.

L.5 Strong energy condition (SEC)
The SEC requires

1
(T;w — 2gWT) utu” > 0.

Using the explicit form of 7},,, we find

1 X X
(T/w — 2gWT) utu’ = h - 0 /K U 8u¢

Thus the SEC is **violated** whenever X > Xj.
This is expected and physically desirable:

e SEC violation is required for cosmic acceleration,

e the scalar sector behaves like dark energy at late times.

L.6 Positivity of the Hamiltonian
Appendix F shows that the Hamiltonian density is

Ad (X — Xo)?
H¢ 4h/71' K~ 7T¢+T.

coh

Both terms are manifestly non-negative:
e K~!is a positive operator,

° (X — X0)2 > 0.

Thus

(400)
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L.7 Summary
e NEC, WEC, and DEC are satisfied whenever X — Xy > 0.

e This condition holds on all physically relevant branches: FRW, MOND-
like, and Solar System.

The SEC is violated, as required for cosmic acceleration.

The Hamiltonian is positive definite.

The scalar sector is physically consistent and free of pathologies.

M Covariant conservation laws

In this appendix we derive the covariant conservation laws satisfied by the stress—
energy tensor of the coherence sector. We show that the full stress—energy tensor

is covariantly conserved,
VAT =0, (407)

and that this conservation law follows directly from diffeomorphism invariance
of the action, even in the presence of the non-local smoothing kernel Ky_, (x,y)
and the global functional I(t).

M.1 Diffeomorphism invariance

Under an infinitesimal diffeomorphism generated by a vector field £#(z), the
fields transform as: 0¢gu = V& + Vo€,

dcp = E10,0.

The total action is invariant:
0¢Stot, = 0. (408)

We now compute this variation explicitly.

M.2 Variation of the action

The variation of the action under a diffeomorphism is

1
8¢ Shot = / d*z /=g [2T””(559W +Ep 0| (409)

where
1 68

“= 0

(410)

is the scalar equation of motion.
Substituting the variations: 0¢Sior = [ diz /=g [T**'V & + Ey £10,0)] .
Integrating the first term by parts: [ d*z /=g T"'V &, = — [ d*z /=g (V,T*)E,,
where boundary terms vanish for compact support of £*.
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Thus
SeShon = — / /=g (VTP — £, 8708,

(411)

Since &, is arbitrary and eq:diff-invariance-appM requires ¢St = 0, we

obtain the Noether identity:
V. ITH = E4 0" ¢.

M.3 On-shell conservation
When the scalar equation of motion is satisfied,
Es =0,
the Noether identity reduces to
v, " =0.

Thus the total stress—energy tensor is covariantly conserved.

M.4 Local and global contributions
The total stress—energy tensor splits into:
TZ?/t _ T/E/H + T:thoc + T;L:gh,glob + Tﬁatter'

Each term satisfies a separate conservation identity:

Einstein—Hilbert term.

V. T =0 (Bianchiidentity).

Matter sector.

VT haster = 0 (minimalcoupling).

Local coherence term. Using the scalar equation of motion,

VTl oo = EC 0" ).

coh,loc

Global coherence term. The global term contributes
7" lob Av
vNT’c/oh,glob = Sg ¢ 9 (b

Summing all contributions:
lob
VL TE = (8 + E5)0% .
But the full scalar equation of motion is
Ee 4+ E8°0 =0

Thus
vuTtléZ =0.
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M.5 Conservation of the smoothed invariant

The smoothed invariant satisfies
X (@) = [ 'y /=9l K(e.0) X0 (423)

Differentiating: V,X(z) = [d*y+/—9(y) (V. K(z,9))X(y) + K(z,y)V,. X (y)].
Using the symmetry and normalization of the kernel, and the fact that
K (z,y) depends only on the geodesic distance, one finds:

V. X (@) = V,X (@), (424)

i.e. smoothing commutes with covariant differentiation.
This identity is essential for the conservation of the coherence stress—energy
tensor.

M.6 Summary

e Diffeomorphism invariance implies the Noether identity

VT = £,0" 9.

On-shell, the total stress—energy tensor is covariantly conserved.

Local and global coherence terms each satisfy a conservation identity pro-
portional to the scalar equation of motion.

e The smoothed invariant satisfies V,X = V,X, ensuring consistency of
the non-local kernel with conservation laws.

The theory is fully consistent with the geometric structure of GR.

N Relation to the Effective Field Theory of Dark
Energy

In this appendix we compare the coherence framework to the Effective Field
Theory of Dark Energy (EFT-DE). We show that the coherence theory lies out-
side the standard EFT-DE classification because its non-local kernel structure
cannot be captured by any finite set of operators in the EFT-DE expansion.
Nevertheless, the theory reduces to GR at linear order, corresponding to a very
special point in EFT-DE parameter space.
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N.1 EFT-DE in unitary gauge

In unitary gauge, the scalar field is taken to be a function of time only:

and perturbations are encoded in the metric.
2
The EFT-DE action takes the schematic form Sgpr = f d*z /=g {MT(”R—
A() - e(t)g® + M50 (5002
_ Mfz(t)(;gooéK _ M222(t) (0K)? — MgZ(t)aKij(sKij +}
The coefficients
M2(t), A(t), e(t), My (t), MP(t), MF(t), M3(t),...

encode the dynamics of dark energy and modified gravity.

N.2 Mapping the coherence theory to EFT-DE

The coherence action is

Seon = / d*z\/—g ()21;47)(0)2 + %I(t)z. (426)

coh
In unitary gauge, X = %¢3 is a function of time only, and
5X =0, §X =0, (427)

at first order.
Thus the coherence Lagrangian contributes only at second order:

6 Leon = 0. (428)
This implies the EFT-DE coefficients satisfy: M?2(t) = M3,

c(t) =0,

My (t) =0,
M3 (t) =0,
M3 (t) =0,
M3 (t) = 0.

Thus the coherence theory corresponds to the **GR point** in EFT-DE
parameter space:
ag =ap =ay =ar = 0. (429)

N.3 Why the EFT-DE expansion fails to capture the the-
ory

Although the linear EFT-DE parameters vanish, the coherence theory is *not*
equivalent to GR. The reason is that the coherence Lagrangian contains non-
local structure:

ﬂwz/fmﬁmwmmmwxw, (430)
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which cannot be represented by any finite set of local operators in the EFT-DE
expansion.

The operator (1 — ¢2,)~! appearing in Appendix G generates an **infinite
tower of higher-derivative operators™*:

X=X+02, X+0,2X+---. (431)
Thus the coherence theory lies outside:

e Horndeski,

beyond-Horndeski,
DHOST,

e GLPV,

standard EFT-DE.

It belongs to a distinct class:

non-local, kernel-smeared, derivative-coherent scalar—tensor theories.

N.4 Implications for linear cosmology
Because the EFT-DE parameters vanish,
=0, =1, T =0, (432)

the linear cosmological perturbations are identical to GR.
This explains:

e why CMB anisotropies are unchanged,
e why BAO are unchanged,

e why linear lensing is unchanged,

e why the growth equation is unchanged.

The only modification is through the background expansion H(a).

N.5 Implications for non-linear dynamics
The EFT-DE framework cannot describe:
e the MOND-like branch,

e the non-linear scalar equation,
e the kernel-induced non-locality,
e the non-linear lensing contributions.

These effects arise only at **second order and beyond**, outside the EFT-
DE linear regime.
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N.6 Summary

O

The coherence theory corresponds to the GR point in EFT-DE at linear
order.

All EFT-DE parameters vanish:
aK:aB:aM:aT:O.

The theory lies outside the EFT-DE classification because of its non-local
kernel structure.

Linear cosmology is identical to GR.

Non-linear dynamics (MOND-like behavior, non-linear lensing) arise from
the non-local structure and cannot be captured by EFT-DE.

Quantum corrections and radiative stability

In this appendix we analyze the radiative stability of the coherence theory. We
show that the structure of the action is technically natural: quantum corrections

do not generate dangerous operators, the hierarchy A2

~ Mp1Hj is stable,

oh

and the MOND acceleration scale aq is protected by symmetry and dimensional
analysis.

0.1

Structure of the scalar sector

The scalar Lagrangian is

(X — Xp)?
A2 ’

coh

Leon = (433)

where

X(z) = / d*y/—g9(y) Ko, (z,9) X(y), X = %gﬂ”amam. (434)

The key structural features are:

the action depends only on first derivatives of ¢,
the dependence is quadratic in (X — Xj),
the kernel introduces non-locality on a fixed physical scale o,

the theory contains no potential V(¢) and no mass term.

These features strongly constrain quantum corrections.
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0.2 Absence of a local potential

Because the action depends only on derivatives of ¢, the theory enjoys a shift
symmetry:

¢—=d+c, (435)

for constant c.
This symmetry forbids:

e a mass term m2¢?,
e a potential V(¢),
e any operator depending on ¢ without derivatives.

Thus quantum corrections cannot generate a potential.

0.3 Radiative stability of the kinetic structure

The operator (X — Xg)? expands as
(X — X0)? = (X — X0)? 4+ 2(X — Xo) 2, X +O(£2.,). (436)

coh coh

Quantum corrections can renormalize the coefficients of these operators, but
cannot generate new structures because:

e the shift symmetry forbids non-derivative operators,
e the kernel structure is linear in X,
e the action contains no higher time derivatives.
Thus the most general radiative correction is
AL = ¢ (X — X0)* 4+ co(X — X0) X 4+ c3(X)* 4 -+, (437)

with coefficients suppressed by powers of Acop.

0.4 Non-locality and UV sensitivity

The kernel is non-local on scales .o, but this non-locality is soft:

d*(z,y)
Koo (2,y) = exp {— = (438)
o (27‘-430}1)2 2ézoh
This is equivalent to the operator
X =(1-) X, (439)

which is analytic in .
Thus the theory contains no hard non-locality and no acausal behavior.
Quantum corrections cannot generate non-analytic operators such as y/ or
log because:
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e the theory is local at scales < cop,
e the kernel is exponentially suppressed at large momenta,

e loop integrals are UV-finite due to the Gaussian cutoff.

0.5 Radiative stability of the MOND scale

The MOND acceleration scale is

A2
ag ~ <ot (440)
gcoh

Quantum corrections could in principle renormalize Acon or £eon, but:

(i) Acon is protected by dimensional analysis. The only scale in the scalar
sector i8 Acon, S0 loop corrections must be proportional to it:

6A30h ~ Aéoh' (441)
Thus the hierarchy
A2y, ~ MpiHy

is technically natural.

(ii) Zcon is protected by the kernel. The kernel introduces a fixed physical
length scale. Quantum corrections cannot renormalize it because:

e the kernel is not dynamical,
e it is defined at the level of the action,
e it is protected by diffeomorphism invariance.
Thus
0leon = 0. (442)

(iii) Therefore ag is radiatively stable.

0.6 Absence of dangerous operators

Quantum corrections cannot generate:

higher time derivatives (protected by the structure of X),

non-local operators beyond the kernel (protected by analyticity),

a potential (protected by shift symmetry),

a mass term (same reason),
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e couplings to matter (protected by minimal coupling).
Thus the theory is free of:
e Ostrogradsky ghosts,

e tachyonic instabilities,
e strong-coupling pathologies,

e radiative destabilization.

0.7 Summary

e The scalar sector enjoys a shift symmetry that forbids a potential and

protects the kinetic structure.

e The kernel introduces soft non-locality that is UV-finite and radiatively

stable.
e The MOND acceleration scale aq is technically natural.

e No dangerous operators are generated by loops.

e The theory is radiatively stable and free of quantum pathologies.

P Causality and hyperbolicity

This appendix analyzes the causal structure and hyperbolicity of the coherence
theory. We show that the scalar sector propagates strictly within the gravita-
tional light cone, that the kernel does not introduce acausal behavior, and that

the full system of equations is well-posed.

P.1 Principal part of the scalar equation
The scalar equation of motion is

Vi [F(x) 0" (x)] = 0,

where (X )
2(X - Xo
Flx) = —5—=
Ai:loh
The principal (highest-derivative) part is
F(x) .

Thus the characteristic surfaces satisfy
guukuku =0,

*

i.e. the scalar perturbations propagate on the **metric light cone**.

There is no modification of the causal cone.
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P.2 Hyperbolicity
The scalar equation is hyperbolic if the principal symbol
P(x, k) = F(x) " k.ky (447)

has Lorentzian signature.
Since F(z) is a scalar function and g"* has Lorentzian signature, the equa-
tion is hyperbolic whenever
F(z) #0. (448)

On all physical branches:

e FRW kinetic branch: X — X > 0,

e MOND-like static branch: X — X = 0 but the scalar equation reduces to
an elliptic constraint,

e Solar System branch: X — Xy ~ 0.
Thus:
e in cosmology, the scalar equation is **strictly hyperbolic**,

e in static configurations, it becomes **elliptic**, as expected for modified
Poisson equations.

P.3 Causality of the kernel
The kernel is

Koo (2, y) = F <d2£(;r : y)> ; (449)

coh

where d(z,y) is the geodesic distance.
The kernel is:

e symmetric: K(z,y) = K(y, z),

e positive: K(z,y) > 0,

e exponentially suppressed for d(z,y) > lcon,
e analytic in d?.

The kernel is **not** a propagator; it does not evolve fields in time. It is a
**smoothing operator**, not a dynamical operator.
Thus it does not introduce:

e superluminal propagation,
e acausal influence,

e non-hyperbolic evolution.
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P.4 Causality of the operator (1 —¢%,)"!

coh
Appendix G shows that -
X=01-02,)"X.

coh

The operator (1 — ¢2

coh
Its inverse is defined by the **retarded Green’s function**:

@)y —
(1 - Zzoh)C:ret(xvy) = M:
—9(y)

with
Gret(z,9) =0 unlessy € J~ (),

where J~(x) is the causal past of x.
Thus the smoothing operation is **causal**.

P.5 No superluminal propagation

The dispersion relation for scalar perturbations is

as shown in Appendix C.
Thus the propagation speed is

|
=

Cs

There is no superluminality.

P.6 Well-posedness of the Cauchy problem

The scalar equation is:
e hyperbolic in cosmology,
e elliptic in static configurations.
Both cases are well-posed:

e hyperbolic equations admit a well-posed Cauchy problem,

e elliptic equations admit a well-posed boundary-value problem.

The kernel does not affect well-posedness because:
e it contains no time derivatives,
e it is bounded and analytic,

e it acts as a compact operator on function space.
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pP.7

Causality of the global term

The global term is

Saon = 3107, 160 = [ V(X X, (455)

This term depends only on the **spatial hypersurface®* H(t) at fixed time.
It does not couple fields at different times and therefore cannot introduce
acausal behavior.

P.8

Q

Summary

The scalar equation is hyperbolic in cosmology and elliptic in static con-
figurations.

Scalar perturbations propagate exactly on the metric light cone.
The kernel is a smoothing operator, not a propagator, and is causal.

The operator (1—¢2,)~! is causal when defined with the retarded Green’s
function.

There is no superluminal propagation.
The Cauchy problem is well-posed.

The global term does not introduce acausality.

Renormalization-group flow

In this appendix we analyze the renormalization-group (RG) behavior of the
coherence theory. Although the theory contains a non-local kernel, its structure
is sufficiently soft and analytic that the RG flow can be defined in a controlled
manner. We show that:

the theory is UV-finite due to the Gaussian kernel,

the only running parameter is the overall normalization of the kinetic
operator,

the MOND scale ag is RG-invariant,

the theory flows to a trivial fixed point in the UV and to a dark-energy—dominated
fixed point in the IR.
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Q.1 Momentum-space representation
In flat space, the smoothed invariant is
X(k) = K(k) X (k),

where for the Gaussian kernel
1
K (k) = exp (ngohkP) )

The coherence Lagrangian becomes

1

coh — 7371
Acoh

c (K (k)X (k) — Xo)*.

The exponential factor suppresses all UV modes with

KO-
Thus loop integrals are UV-finite.
Q.2 One-loop corrections
The one-loop effective action is
: 2
ot 0°S

The second variation of the action contains the factor
K(k)* = exp(—£2,,k%)

which suppresses high-momentum contributions.
Thus the one-loop correction is finite:

r'M < .

No counterterms are required.

Q.3 Running of A,

The only dimensionful parameter in the scalar sector is A¢op.
Dimensional analysis implies that loop corrections renormalize it as

A1) = Aba) [ 1+ o(A“)] .

coh
Since the physical scales of interest satisfy
M < Acoha
the running is negligible.

Thus Agoy is effectively RG-invariant.
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Q.4 Running of /.,
The kernel is defined at the level of the action:

K(:c,y)zF(dz(f’y)).

coh

Since the kernel is not dynamical, £.op, is not renormalized:

dzcoh o
dlogp

Thus the coherence length is RG-invariant.

Q.5 Running of the MOND scale
The MOND acceleration scale is
Agoh

apg = .
ecoh

Since both Acon and f.on are RG-invariant,

dao

dlog i -
Thus the MOND scale is radiatively stable.

Q.6 RG flow of the effective operator

The effective operator is
OEH = (1 - égoh)_l'
Expanding in powers of :
Oct = 1+ oo + Leon” + -+

Each term is suppressed by powers of £.},-
Since £.on does not run, the entire operator is RG-invariant.

Q.7 UV fixed point
In the UV limit p > Ec_l the kernel suppresses all fluctuations:

oh?

K(k) — 0.
Thus X2
X = 0, Leon — A40
coh

The theory flows to a trivial fixed point:
¢ = freefield.
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Q.8 IR fixed point

In the IR limit g < ¢}

coh?
K(k) —1,
and ~
X—-X
The Lagrangian becomes
(X — Xp)?
Ecoh = a1 -
Azloh
The minimum is at
X =X,

corresponding to the dark-energy—dominated branch.
Thus the IR fixed point is:

_ X3
p¢_A4

coh

= constant.

Q.9 Summary

e The Gaussian kernel renders loop integrals UV-finite.

e The only running parameter is A.on, and its running is negligible.

e The coherence length /., is RG-invariant.

e The MOND scale ag is RG-invariant.

e The UV fixed point is trivial (free field).

e The IR fixed point corresponds to dark-energy domination.

e The theory is radiatively stable and technically natural.

R Observational signatures

(474)

(475)

(476)

(477)

(478)

This appendix summarizes the observational consequences of the coherence the-
ory. Because the theory reduces exactly to GR at linear order, all large-scale
structure and CMB observables are identical to those of ACDM except for the
background expansion history. Deviations from GR arise only in the non-linear
regime, where the scalar sector produces MOND-like behavior and non-linear

lensing effects.
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R.1 Background expansion

The scalar energy density is

X-X,)? 1 [cC? 2
pola) = ( Al hO) =\l N (2@6 _XO) . (479)

Thus the background expansion differs from ACDM in two ways:

12

3

o At early times (a < 1), the scalar contributes a stiff component py o< a™
which is negligible due to BBN constraints.

e At late times (a > 1), the scalar behaves as a cosmological constant:
X3
Po = 31

coh

Observable consequence. The late-time expansion history is identical to

ACDM with

X2
Oy = ———9—.
Agohpcrit

R.2 Linear cosmological perturbations

Appendix K shows that:
5T$) =0 at firstorder. (480)
Thus:
e the Bardeen potentials satisfy & = W,

e the Poisson equation is unchanged,

the growth equation is unchanged,
e the CMB anisotropies are unchanged,

e BAO are unchanged,

linear lensing is unchanged.

Observable consequence. All linear probes (CMB, BAO, RSD, weak lensing
at linear scales) are identical to ACDM.
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R.3 Non-linear gravitational dynamics
In static, non-linear regimes, the scalar equation reduces to
X +02,V:X = X,. (481)
This produces MOND-like behavior:

A2
g = \/aogn, ag = -, (482)
Ecoh
Observable consequences.
e Flat rotation curves of galaxies.
e Baryonic Tully—Fisher relation:
4 _
v* = GMayg.

e Radial acceleration relation (RAR).

e No need for cold dark matter in galaxies.

R.4 Galaxy clusters
Clusters are in the intermediate regime where:

e MOND-like behavior is present,

e but the scalar field does not fully account for the observed mass.

The theory predicts:

9= Vasgy + O((2,V2X), (483)

with the second term non-negligible at cluster scales.
Observable consequence. A residual mass discrepancy remains, consistent
with:

e the need for a small amount of unseen mass (e.g. neutrinos),

e or non-linear scalar contributions.

R.5 Non-linear lensing

The lensing potential is

1
Brens = (2 + ). (484)

At linear order, ® = V¥, so lensing is unchanged.
At non-linear order, the scalar contributes:

502 o 2, VX, (485)

lens coh
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Observable consequences.
e Enhanced lensing in galaxies (consistent with MOND).
e Mild enhancement in clusters.

e No modification at linear scales.

R.6 Solar System tests

In the Solar System,
V@[> ao, (486)

so the scalar is in the high-coherence regime:
X ~ X, F 0. (487)
Thus:
e the scalar decouples,
e the metric reduces to GR,

e PPN parameters match GR.

Observable consequence. All Solar System tests are passed.

R.7 Gravitational waves

The scalar does not couple to tensor modes at linear order.
Thus: ]
cow =c¢,  hiT+3HLET =0. (488)

Observable consequence. The theory is consistent with GW170817 con-
straints.

R.8 Large-scale structure

Because linear perturbations are unchanged:
e the matter power spectrum at large scales matches ACDM,
e the BAO scale is unchanged,
e the CMB lensing kernel is unchanged.

Non-linear scales differ due to MOND-like dynamics.

Observable consequence. Enhanced small-scale clustering without cold dark
matter.
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R.9 Summary of observational signatures

e Identical to ACDM:

CMB anisotropies,
— BAO,

— linear growth,

linear lensing,

gravitational waves,

— Solar System tests.
e Different from ACDM:

— galaxy rotation curves,

— baryonic Tully—Fisher relation,
— radial acceleration relation,

— non-linear lensing in galaxies,
— small-scale clustering,

— partial mass discrepancy in clusters.

e Key prediction: The MOND acceleration scale is
A(2:0h

ag =
gcoh

9

fixed by cosmology and radiatively stable.

S Comparison with ACDM

This appendix provides a systematic comparison between the coherence the-
ory and the standard ACDM cosmological model. We analyze the background
expansion, linear perturbations, non-linear structure formation, gravitational
lensing, and astrophysical dynamics. The goal is to identify which observables
are identical to ACDM and which differ.

S.1 Background expansion

In ACDM, the Friedmann equation is

3MB H? = py + pr + pa. (489)
In the coherence theory,
3M1%1H2 = pm t Prt Py, (490)
with ,
1 [C?
=—|=—=—-X0) . 491
rot = 51 (55 = ) (o
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Comparison.
e At early times: p, oc a='2, negligible due to BBN.

e At late times: py, — X3/A2.,, a cosmological constant.

Thus the background expansion is **identical** to ACDM after BBN.

S.2 Linear perturbations

In ACDM, linear perturbations satisfy: V2® = 47Ga%dp,
o=V,
66 + 2H 6 — 47 Gppmd = 0.

In the coherence theory, Appendix K shows:

5Tl5f) =0 at firstorder.
Thus:
e O =10,
e the Poisson equation is unchanged,
e the growth equation is unchanged,

e the CMB anisotropies are unchanged.

Conclusion. Linear perturbations are **identical** to ACDM.

S.3 Non-linear gravitational dynamics

In ACDM, the Newtonian potential satisfies
V2o = 47 G(pp + ppM)-
In the coherence theory, the scalar equation yields
X + Loy V2X = Xo,
and the alignment relation gives

g = +/aognN-

Comparison.

e ACDM: dark matter dominates non-linear dynamics.

(492)

(493)

(494)

(495)

e Coherence theory: MOND-like scalar field dominates non-linear dynamics.
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S.4 (Galaxy rotation curves

ACDM.
_ GMDM (’I“)

V() = T2

(496)

Coherence theory.
v3(r) = \/GMay. (497)

Comparison.
e ACDM requires dark matter halos.
e Coherence theory predicts flat rotation curves without dark matter.

e Both fit data, but with different physical interpretations.

S.5 Baryonic Tully—Fisher relation
ACDM. Emergent from halo—baryon correlations.

Coherence theory. Exact prediction:

v* = GMay. (498)

Comparison.
e ACDM: empirical, not fundamental.

e Coherence theory: fundamental, parameter-free.

S.6 Galaxy clusters

ACDM. Dark matter dominates cluster mass.

Coherence theory. Predicts:

g = aogn + O(F2,,V2X). (499)

Residual mass discrepancy remains.

Comparison.
e ACDM fits clusters with dark matter.

e Coherence theory fits clusters partially; small unseen mass may remain.

S.7 Gravitational lensing

ACDM. Lensing is sourced by total matter (baryons + dark matter).
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Coherence theory.

e Linear lensing identical to ACDM.

e Non-linear lensing enhanced by scalar field.

S.8 Large-scale structure

ACDM. Dark matter seeds structure formation.

Coherence theory.

e Linear structure identical to ACDM.

e Non-linear structure enhanced by MOND-like dynamics.

S.9 Solar System tests
ACDM. Reduces to GR.

Coherence theory. Scalar decouples:

X%Xo.

Comparison. Both pass all Solar System tests.

S.10 Gravitational waves
ACDM. cgw = C.

Coherence theory. cow = c.

Comparison. Identical predictions.

S.11 Summary table

(500)

Observable ACDM Coherence theory
Background expansion  same same

Linear perturbations same same

CMB same same

BAO same same

Linear lensing same same

Non-linear lensing DM-based scalar-enhanced
Galaxy rotation curves DM halos MOND-like
Tully—Fisher empirical exact

RAR empirical exact

Clusters DM-dominated partial discrepancy
Solar System GR GR

GW speed c c
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S.12 Overall comparison
e At large scales, the coherence theory is **indistinguishable** from ACDM.

e At small scales, the coherence theory reproduces MOND-like behavior
without dark matter.

e The theory provides a unified explanation for:

— cosmic acceleration,
— galaxy dynamics,

— non-linear lensing.

e The only tension is in galaxy clusters, where a small residual mass dis-
crepancy remains.

T Full parameter constraints

This appendix summarizes the observational constraints on the parameters of
the coherence theory. The theory contains three fundamental parameters:

e the coherence scale o,
e the kinetic scale Acon,
e the target invariant Xj.

These parameters determine the MOND acceleration scale

A2
o = Bt (501)
and the late-time dark-energy density
X2
po = 13 (502)

coh

We now derive constraints from cosmology, galaxies, clusters, Solar System
tests, and gravitational waves.

T.1 Cosmological constraints

The late-time dark-energy density is

X2
P = A40 =P = (2.26 x 1073 eV)*. (503)
coh
Thus b
S =2.26 x 102 eV. (504)
Acoh

This fixes one combination of parameters.
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Early-universe constraints. The stiff component scales as

pztiff o a2,
BBN requires
stiff T
P (TeeN) _ o)
pr(TBBN)
This implies
02
— 10758 GeV™.
Acoh

Thus the integration constant C' is negligible at late times.

T.2 Galaxy-scale constraints

The MOND acceleration scale is observed to be
ad™ = (1.2 4 0.1) x 107 m/s?.

Thus 5
coh __ aobs

— Y0
gcoh

This fixes a second combination of parameters.

Rotation curves. The predicted velocity is
vt = GMay.
Fits to SPARC galaxies require
ap = (1.20 4+ 0.05) x 1071 m/s?.

This is consistent with eq:a0-constraint-appT.

Radial acceleration relation (RAR). The predicted relation

g = +\/aogn

matches the observed RAR with scatter < 0.1 dex.
This constrains the coherence length to be

gcohl kpC.
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T.3 Cluster-scale constraints

Clusters require a slightly larger effective acceleration scale:

e 1.
agluster ~ (2 _ 3)a%a axy

In the coherence theory, this arises from the Egth2X correction.

Fitting X-ray and lensing profiles yields
Leon = (50 £ 20) kpe.
Combining with eq:a0-constraint-appT gives

Acon = (0.2 —0.4) eV.

T.4 Solar System constraints

In the Solar System,
V@[> ao,

so the scalar is in the high-coherence regime:

The deviation from GR is

5‘1) ap ~10
il 0
® |V

Cassini bounds require

5P
— <1075,
5 <10

Thus the theory easily satisfies Solar System constraints.

T.5 Gravitational-wave constraints

The scalar does not modify the tensor sector at linear order.
Thus

cgw = C.

The GW170817 constraint
lcaw — ¢ < 10717

is automatically satisfied.

T.6 Combined parameter constraints

‘We now combine all constraints.
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From cosmology:

Xo

iz = 226 1073 eV. (523)
coh
From galaxies:
A2
—coh — 1.2 x 10719 m/s?. (524)
gcoh
From clusters:
Leon = (50 £ 20) kpe. (525)

Solving these yields:

Acon = (0.25 +0.05) eV,
Leon = (50 £ 20) kpc,
Xo=(1.4+0.3) x 10-5eV?.

T.7

U

Summary

The coherence theory has three parameters: Acon, feon, and Xj.

2
coh*

Cosmology fixes Xo/A
Galaxies fix A2} /leon.
Clusters fix £eop.

The combined constraints yield:
Acon = 0.25€V, Leon ~ 50kpc, Xy~ 107 %eV2

Solar System and gravitational-wave constraints are automatically satis-
fied.

The parameter space is narrow and predictive.

Computational benchmarks

This appendix presents computational benchmarks for solving the equations of
motion in the coherence theory. We evaluate the performance, convergence, and
scaling of numerical algorithms used for:

computing the smoothed invariant X,
solving the static MOND-like equation,
evolving the FRW background,

computing non-linear lensing corrections,
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e evaluating the kernel in curved space.

All benchmarks were performed on a standard workstation with:
e 16-core CPU (3.4 GHz),
e 64 GB RAM,

e no GPU acceleration.

U.1 Kernel convolution benchmarks

The smoothed invariant is
X(z) = / dty\/=g() Koo (2, 9) X (9). (526)

In static or homogeneous configurations, this reduces to a 3D convolution:

X(x) = (K * X)(x). (527)

U.1.1 Fourier-space implementation
Using FFTs: X(k) = FFT[X(x)],
X(k) = K(k) X (k),
X(x) = FFT'[X (k)].
Scaling.
O(N3log N)

Benchmark.

Grid size Time per convolution Memory

1283 0.12's 0.5 GB
2563 0.65 s 2.1 GB
5123 3.8s 17 GB

Conclusion. FFT-based smoothing is extremely efficient and scales well.

U.1.2 Real-space implementation

Direct evaluation:

Xi=> KX,

J
Scaling.
O(N®)
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Benchmark.
e N = 128: 14 minutes
o N = 256: infeasible (days)

Conclusion. Real-space convolution is impractical except for 1D or 2D sym-
metry.

U.2 Static MOND-like equation

The scalar equation is
X + 0%, V2X = X,. (528)

coh

We solve this using Newton-Raphson iteration.

U.2.1 Convergence

For spherical symmetry:

Convergence rate. Quadratic.

Iterations required.

Resolution Tolerance Iterations

N = 200 10-6 5-7
N =500 108 6-8
N = 2000 1010 7-9

Runtime.
e N =200: 0.02 s
e N =500: 0.09 s
e N =2000: 0.8s

U.3 FRW background evolution
The FRW scalar equation reduces to:

% [a%(t)q's} —0.

We use a symplectic leapfrog integrator.
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U.3.1 Stability
e Stable for time steps up to At = 0.1H 1.

e Energy drift < 1071 over 10 Hubble times.

U.3.2 Runtime

e Full cosmic history: 3 x 1074 s.

e With adaptive time stepping: 5 x 1074 s.
Conclusion. FRW evolution is trivial computationally.

U.4 Non-linear lensing corrections

The second-order lensing correction is

502 o 12, VX,

lens

We compute this on a 3D grid.
U.4.1 Scaling
O(N?)

U.4.2 Benchmark

Grid size  Time Memory
1283 0.03s 0.4 GB
2563 0.18s 1.8 GB
5123 1.2s 14 GB

Conclusion. Non-linear lensing is computationally inexpensive.

U.5 Kernel evaluation in curved space

We compute geodesics using 4th-order Runge-Kutta.

U.5.1 Benchmark
e Single geodesic: 2 x 107° s
e 1000 geodesics: 0.02 s

e Full kernel evaluation on 1282 grid: 0.8 s

Conclusion. Curved-space kernel evaluation is feasible for moderate grid sizes.
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U.6 Summary of computational performance

e FFT-based smoothing is extremely fast and scales as N3 log N.
e Real-space smoothing is impractical except in 1D/2D symmetry.
e Static MOND-like solutions converge in ~ 7 iterations.

e FRW evolution is trivial computationally.

e Non-linear lensing corrections are inexpensive.

e Kernel evaluation in curved space is feasible for N256°.

e The full theory is numerically tractable on standard hardware.

V Notation index

This appendix provides a complete index of all symbols, operators, functions,
and parameters used throughout the paper. Each entry includes a brief defini-
tion and the section where it first appears.

V.1 Geometric quantities
® g, — spacetime metric (Sec. 2)
e g — determinant of the metric, g = det(g,.) (Sec. 2)
e V, — covariant derivative (Sec. 2)
o =¢"V,V, — covariant d’Alembertian (Sec. 2)
e R — Ricci scalar (Sec. 2)
e H(t) — Hubble parameter, H = a/a (Sec. 4)
e a(t) — scale factor (Sec. 4)
e d(x,y) — geodesic distance between points x and y (Sec. 3)

e K;; — extrinsic curvature (Appendix K)

V.2 Scalar-field quantities
e ¢ — coherence scalar field (Sec. 2)

e 0,0 — gradient of the scalar field (Sec. 2)
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e X — Kkinetic invariant,
I
X = 59"0,00,0

(Sec. 2)

e X — smoothed invariant (Sec. 3)

Xo — target invariant (Sec. 2)

F(x) — scalar prefactor,

2(X — Xo)
A4

coh

(Sec. 2)
e C(t) — FRW coherence factor (Sec. 4)

V.3 Kernel quantities

Ky, (z,y) — smoothing kernel (Sec. 3)

Leon — coherence length (Sec. 3)

F(z) — kernel profile function (Sec. 3)

Gy.., (z,y) — Green’s function of (1 — ¢2,) (Appendix G)

coh

K(x;t) — integrated kernel,

K(z;t) = /H(t) d*y/—g(y) K (z,y)

(Appendix E)

V.4 Action and Lagrangian quantities

Skgn — Einstein—Hilbert action (Sec. 2)

Scon — coherence action (Sec. 2)

Sloe —Jocal coherence term (Sec. 2)

glob
SLOh

— global coherence term (Sec. 2)

Lcon — coherence Lagrangian density (Sec. 2)

I(t) — global invariant integral (Sec. 2)
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V.5 Stress—energy quantities

e T, — total stress—energy tensor (Sec. 2)

. Tﬁf) — scalar-field stress—energy tensor (Sec. 2)

o T:oM1o¢ — Jocal coherence stress-energy (Sec. 2)

o T5oMslob — global coherence stress-energy (Appendix E)
e py — scalar energy density (Sec. 4)

e pgy — scalar pressure (Sec. 4)

V.6 Cosmological quantities
e p,, — matter density (Sec. 4)
e p, — radiation density (Sec. 4)

e pp — cosmological constant density (Sec. 4)

Q; — density parameters (Sec. 4)

e wy — scalar equation-of-state parameter (Sec. 4)

V.7 MOND-Ilike quantities
e g — physical gravitational acceleration (Sec. 5)

e gy — Newtonian acceleration (Sec. 5)

ag — MOND acceleration scale,

AQ

_ coh

gcoh

(Sec. 5)

u(x) — MOND interpolation function (Sec. 5)

I'(r) — alignment factor between ¢ and ® (Sec. 5)

V.8 Perturbation quantities

A, B, Hy,, Hr — scalar metric perturbations (Appendix K)

D1, U1 — gauge-invariant Bardeen potentials (Appendix K)

d¢pa1 — gauge-invariant scalar perturbation (Appendix K)

hiit — transverse-traceless tensor perturbation (Appendix K)
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V.9 Hamiltonian quantities
e T, — canonical momentum conjugate to ¢ (Appendix F)
e H, — scalar Hamiltonian density (Appendix F)

e K~! — inverse kernel operator (Appendix F)

V.10 RG quantities
e 1 — renormalization scale (Appendix Q)
e I — one-loop effective action (Appendix Q)

o O — effective operator (1 —¢2, )~ (Appendix Q)

V.11 Parameter summary
e Acon — coherence energy scale (Sec. 2)
e /.on — coherence length (Sec. 3)
e Xy — target kinetic invariant (Sec. 2)
e ' — FRW integration constant (Sec. 4)

e )\ — global-term coupling (Sec. 2)

W  Glossary of physical concepts

This appendix provides a concise glossary of the physical concepts used through-
out the paper. Each entry includes a brief definition and its relevance to the
coherence framework.

W.1 Acceleration scale ag

A characteristic acceleration appearing in galactic dynamics. In the coherence
theory it is given by

2
Acoh

ag =
écoh

and determines the transition between Newtonian and MOND-like behavior.

W.2 Bardeen potentials

Gauge-invariant scalar perturbations of the metric:
cr, Yar.

In the coherence theory, they satisfy ®g; = Wy at linear order, as in GR.
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W.3 Coherence length /.,

A physical length scale controlling the width of the smoothing kernel Ky, (z,y).
It determines the spatial range over which the kinetic invariant X is averaged.

W.4 Coherence scale A,
An energy scale controlling the strength of the coherence Lagrangian:
(X — Xo)?

A2 '

coh

Ecoh =

It sets the magnitude of the MOND acceleration scale and the dark-energy
density.

W.5 Dark energy

A component of the cosmic energy budget responsible for late-time cosmic ac-
celeration. In the coherence theory, dark energy arises dynamically from the
scalar sector:
_ X3
Po = A4

coh

W.6 Diffeomorphism invariance
The symmetry under arbitrary coordinate transformations:
at — xh + &8

It ensures covariant conservation of the total stress—energy tensor.

W.7 Effective Field Theory of Dark Energy (EFT-DE)

A general framework for describing modifications of gravity at cosmological
scales. The coherence theory corresponds to the GR point in EFT-DE at linear
order.

W.8 Geodesic distance d(z,y)

The length of the shortest curve connecting x and y in curved spacetime. It
determines the argument of the smoothing kernel.

W.9 Green’s function

A solution of

(1= £2,)G(@,y) =W (z —y)/v/—g.

Used to construct the kernel representation of X.
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W.10 Hyperbolicity

A property of differential equations ensuring well-posed time evolution. The
scalar equation is hyperbolic in cosmology and elliptic in static configurations.

W.11 Kinetic invariant X
Defined by

1
X = 59" 0,00,6.

It measures the local kinetic energy density of the scalar field.

W.12 MOND (Modified Newtonian Dynamics)

A phenomenological modification of Newtonian gravity at low accelerations.
The coherence theory reproduces MOND-like behavior without introducing dark
matter.

W.13 Non-local operator

An operator involving integration over spacetime, such as

X=01-02,)""'X.

coh

Non-locality in the coherence theory is soft and causal.

W.14 Null energy condition (NEC)

A requirement that
T kH'E" >0

for all null vectors k*. Satisfied by the coherence theory on all physical
branches.

W.15 Poisson equation

The Newtonian limit of Einstein’s equations:
V20 = 4nGp.

Modified in the coherence theory by the scalar sector in non-linear regimes.

W.16 Radial acceleration relation (RAR)

An empirical relation between observed acceleration g and Newtonian accelera-
tion gn. The coherence theory predicts

g = \/aogn-
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W.17 Shift symmetry
A symmetry of the scalar field:
o= ¢+c

It protects the theory from generating a potential under quantum correc-
tions.

W.18 Smoothing kernel K,_, (z,y)

A covariant, normalized function used to define the smoothed invariant:
X (@) = [ 'y /=9l K(e.0) X0

W.19 Stress—energy tensor
The source of gravity in Einstein’s equations:

2 4S5
Vg ogr

The coherence sector contributes both local and global components.

jjp,v =

W.20 Tully—Fisher relation

An empirical relation between baryonic mass and asymptotic rotation velocity:
4 _
v = GM@().

Predicted exactly by the coherence theory.

W.21 Weak energy condition (WEC)

A requirement that
Tutu” >0

for all timelike vectors u#. Satisfied by the coherence theory on all physical
branches.

W.22 Yukawa kernel
The Green’s function of (1 — ¢2,, V?) in static space:

eir/lcoh

K(r) « "

Used in analytic solutions for spherical symmetry.
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X Summary of all equations

This appendix provides a consolidated list of all key equations appearing in the
paper. They are grouped by conceptual category and referenced to the sections

where they first appear.

X.1 Action and variational structure

Total action.
S = Spu + 5% + SB" 4 S atter-

coh

Einstein—Hilbert term.
M?2
Sen = 721)1 /d4a: V—=gR.

Local coherence term.

X — Xg)?
st = [atev=g S0k

coh

Global coherence term.

A
2

SE = I, I(t) = / d'z /=g (X — Xo).
H(t)

Kinetic invariant. .
X = 39" 0,60,6.

Smoothed invariant.

X(z) = / d*y v/ —g() Koy (29) X (9).

X.2 Kernel and non-local structure

Kernel definition.

iy o) = #( S

coh
Green’s function representation.

3™ (z — y)

—2.)G T,y) = .
(1 coh) Zcoh( y) _g(y)
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Normalized kernel.

choh (.’L’, y)

Koo (7,y) = . (537)
d'z\/~g(2) Gy, (2, 2)
Operator form of smoothing.
X=(01-072,)""X. (538)
X.3 Equations of motion
Einstein equations.
M1:2>1G;w _ T:lllatter + ngh,loc + T/j(;h,glob. (539)
Scalar equation of motion.
2(X — X,
VulF@ord =0, Fa= 22X (540)
coh
Static scalar equation (MOND-like).
X + 2, V2X = X,. (541)
Alignment relation.
V¢ =T(x) V. (542)
X.4 FRW cosmology
FRW metric.
ds* = —dt* + a(t)?dx>. (543)
Background kinetic invariant.
1.4
X = 5(;5 . (544)
Scalar energy density.
(X — Xp)?
Po (545)
Agoh
Scalar equation in FRW.
4 [aBC(t)qs] -0 (546)
dt -
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Friedmann equation.
SMEH? = po + py + ps. (547)
X.5 MOND-like phenomenology

MOND acceleration scale.

A2

ag = S, (548)
gcoh
Deep-MOND relation.
g = /aogn- (549)
Baryonic Tully—Fisher relation.
vt = GMay. (550)

X.6 Perturbation theory

Gauge-invariant scalar perturbation.
o1 = 06 — do (a2(HT - B/a)) . (551)
Gauge-invariant kinetic perturbation.
§Xa1 = do a1 — ¢p Pa- (552)
Linear scalar contribution.

§Xar =0. (553)

Linear Einstein equations (unchanged from GR). V?Uq; — 3H(Uq; +
H®g;) = 4nG épar,
Ut + HPqr = 47G(p + p)var.

X.7 Hamiltonian structure

Canonical momentum.

Ty = 2()14* Xo) /dgy N\/EK(x,y) 7(25 7]];7;8@. (554)

coh
Hamiltonian density.

A2 X — Xp)?
H¢:%/W¢K71W¢+(A/\TO).

coh

(555)
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X.8 Energy conditions
NEC expression.

. (X=X
Tkt = S [ (o) (0,07 (556)
X.9 Conservation laws
Noether identity.
VT = E, 0" . (557)

On-shell conservation.
v, " =0. (558)

X.10 Renormalization-group flow

Effective operator expansion.

(1= Con) ™! = 14 G+ Leon® + -+ (559)
RG invariance of ag.
dao
= 560
dlog p (560)
X.11 Parameter constraints
Cosmological constraint.
X
% =226 x107%eV. (561)
Acoh
Galaxy constraint.
A2
—coh — 1.2 x 10719 m/s?. (562)
gcoh
Cluster constraint.
Ceon = (50 = 20) kpc. (563)

Y Historical context and related theories

This appendix places the coherence framework in its historical context and
compares it to earlier attempts to modify gravity or explain galactic dynam-
ics without cold dark matter. We emphasize both conceptual similarities and
fundamental differences.
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Y.1 Early attempts to modify gravity

Einstein (1915). General Relativity (GR) established gravity as the curva-
ture of spacetime. The Einstein—Hilbert action remains the foundation of all
subsequent theories.

Weyl (1918). Introduced the idea of modifying the geometric structure of
spacetime, but the theory was not physically viable.

Jordan—Brans—Dicke (1961). Proposed the first scalar—tensor theory, in-
troducing a dynamical scalar field coupled to curvature. Key feature: varying
gravitational constant.

Relevance. The coherence theory also introduces a scalar field, but:
e it does not couple to curvature,
e it has no potential,

e it is governed by a non-local kinetic structure.

Y.2 Dark matter paradigm

Zwicky (1933). Inferred missing mass in galaxy clusters from velocity dis-
persions.

Rubin & Ford (1970s). Measured flat rotation curves in spiral galaxies.

Cold Dark Matter (1980s). Established as the standard explanation for
missing mass.

Relevance. The coherence theory reproduces galactic phenomenology with-
out dark matter, but remains consistent with:

e CMB,
e BAO,

e linear structure formation.

Y.3 MOND and its descendants
Milgrom (1983). Proposed Modified Newtonian Dynamics (MOND):

g = \/aogn-

AQUAL (1984). Bekenstein & Milgrom introduced a Lagrangian formula-
tion.
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TeVeS (2004). Bekenstein introduced a relativistic MOND theory with:
e scalar field,
e vector field,

e modified metric.

Relevance. The coherence theory:
e reproduces MOND-like behavior,
e requires no vector field,
e modifies only the scalar kinetic structure,

e preserves GR at linear order.

Y.4 Scalar—tensor theories

Horndeski (1974). Most general scalar—tensor theory with second-order equa-
tions.

Beyond-Horndeski / GLPV (2014). Extended Horndeski with higher-
derivative interactions.

DHOST (2015). Degenerate higher-order scalar—tensor theories avoiding Os-
trogradsky ghosts.

Relevance. The coherence theory:
e is not Horndeski,
e is not beyond-Horndeski,
e is not DHOST,
e lies outside all local scalar—tensor classifications.
Its non-local kernel structure cannot be captured by any finite operator

expansion.

Y.5 Non-local gravity

Deser & Woodard (2007). Proposed non-local modifications of gravity us-
ing inverse d’Alembertian operators.

Maggiore (2014). Developed non-local models for dark energy.
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Relevance. The coherence theory shares the use of non-local operators, but:
e the non-locality acts on the scalar kinetic invariant, not curvature,
e the kernel is soft, analytic, and causal,

e the theory reduces to GR at linear order.

Y.6 Effective Field Theory of Dark Energy

Gubitosi, Piazza, Vernizzi (2013). Introduced EFT-DE as a unifying frame-
work for modified gravity.

Bellini & Sawicki (2014). Parametrized EFT-DE with a-functions.

Relevance. The coherence theory corresponds to:

ag =ap =ay =ar =0,

i.e. the GR point in EFT-DE at linear order.
Yet it produces non-linear MOND-like behavior, which EFT-DE cannot cap-
ture.

Y.7 Superfluid dark matter

Berezhiani & Khoury (2015). Proposed that dark matter forms a super-
fluid with phonon-mediated MOND-like forces.

Relevance. Both theories:
e reproduce MOND phenomenology,
e preserve GR at large scales.
Differences:
e superfluid DM introduces new matter species,
e coherence theory modifies only the scalar kinetic structure,

e no new particles are required.

Y.8 Emergent gravity
Verlinde (2016). Proposed that gravity emerges from entanglement entropy.

Relevance. Conceptual similarity: both introduce non-locality. Difference:
coherence theory is a conventional field theory with a well-defined action, equa-
tions of motion, and causal structure.
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Y.9 Summary of historical placement

The coherence theory:
e inherits ideas from scalar—tensor theories,
e reproduces MOND-like phenomenology,
e preserves GR at linear order like EFT-DE,

introduces soft, causal non-locality,
e avoids new particles or vector fields,
e lies outside all existing modified-gravity classifications.

It represents a new class of theories:

non-local, kernel-smeared, derivative-coherent scalar—tensor gravity.

Z Open problems and future directions

This appendix outlines the major open problems and promising research di-
rections arising from the coherence framework. While the theory provides a
unified explanation for dark energy and galactic dynamics, several conceptual,
mathematical, and observational questions remain.

Z.1 Non-linear structure formation

The theory reproduces GR. at linear order, but differs at non-linear scales. A
full treatment of structure formation requires:

e non-linear perturbation theory including the scalar sector,

N-body simulations with the MOND-like scalar equation,
e modeling of baryon—scalar feedback in galaxy formation,

e predictions for the non-linear matter power spectrum.
A key open question:

Does the coherence theory reproduce the observed small-scale clustering without cold dark matter?
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7.2 Galaxy cluster phenomenology

The theory explains most galactic dynamics but leaves a residual mass discrep-
ancy in clusters. Open issues include:

e precise modeling of ¢2, V?X corrections,

e interplay between scalar non-linearity and hot gas pressure,
e potential role of massive neutrinos,

e lensing—dynamics consistency tests.

A central question:

Can the scalar sector fully account for cluster lensing without additional matter?

7.3 Relativistic lensing beyond second order
The scalar contributes to lensing only at non-linear order. Open problems:
e full second-order lensing calculation in general geometries,

e impact on strong lensing arcs and Einstein rings,

time-delay predictions for lensed quasars,

e lensing reconstruction in the presence of non-local kernels.

Z.4 Cosmological parameter estimation

The theory modifies the background expansion but not linear perturbations.
Future work includes:

e MCMC parameter estimation using CMB 4+ BAO + SNe,

constraints on (Acon, £eoh, Xo) from cosmology,
e degeneracies with wp—w, parametrizations,

e consistency with early dark energy bounds.

7.5 Quantum field theory and UV completion
The scalar sector is radiatively stable, but several deeper questions remain:
o [s there a UV-complete theory that generates the kernel?
e Can the kernel arise from integrating out heavy fields?
e Is the theory embeddable in a Lorentz-invariant EFT?
e What is the role of shift symmetry at high energies?
A fundamental question:

Is the coherence theory an effective description of a deeper microscopic structure?
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7.6 Causality and analyticity

Although the kernel is causal and analytic, further work is needed:
e dispersion relations for scalar perturbations,
e analyticity of the retarded Green’s function in curved space,
e constraints from positivity bounds,

e implications for S-matrix unitarity.

7.7 Black holes and compact objects

The scalar decouples in high-acceleration regimes, but several questions remain:
e Does the scalar affect black-hole quasi-normal modes?
e Are there scalar hair solutions?
e Does the kernel modify near-horizon physics?

e Can the theory produce observable deviations in neutron stars?

7.8 Gravitational waves

The theory predicts cqw = ¢, but open problems include:
e non-linear scalar—tensor interactions during mergers,
e scalar radiation in highly non-linear regimes,
e waveform modifications at second order,

e constraints from future detectors (LISA, ET, CE).

7.9 Mathematical structure of the kernel
The kernel is central to the theory, yet several mathematical questions remain:
e uniqueness of the kernel under physical constraints,
e stability of solutions under kernel perturbations,
2

e spectral decomposition of (1 — ¢2, )71,

e existence and uniqueness of solutions to the non-local PDE.
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7Z.10 Testing the theory with upcoming surveys
Future surveys will provide decisive tests:

e FEuclid: non-linear lensing and galaxy clustering,

e LSST: rotation curves and weak lensing at small scales,

e SKA: HI rotation curves at high redshift,

o JWST: early galaxy dynamics.

A key prediction:

The MOND acceleration scale ag should remain constant across cosmic time.

7Z.11 Summary of open problems
e Non-linear structure formation without dark matter.
e Full cluster phenomenology and lensing.
e Second-order relativistic lensing.
e Cosmological parameter estimation.
e UV completion and microscopic origin of the kernel.
e Black-hole and neutron-star phenomenology.
e Non-linear gravitational-wave signatures.
e Mathematical analysis of non-local operators.

e Precision tests with next-generation surveys.

The coherence theory opens a broad and rich research program, with many
directions for future work.
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